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Confinement, chiral symmetry, and the lattice
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Two crucial properties of QCD, confinement and chiral symmetry breaking, cannot be under-
stand within the context of conventional Feynman perturbation theory. Non-perturbative phe-
nomena enter the theory in a fundamental way at both the classical and quantum level. Over
they years a coherent qualitative picture of the interplay between chiral symmetry, quantum
mechanical anomalies, and the lattice has emerged and is reviewed here.
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1 QCD

Quarks interacting with non-Abelian gauge fields are now widely accepted as the basis the strong
nuclear force. This quantum field theory is known under the somewhat whimsical name of
Quantum Chromodynamics, or QCD2. This system is remarkable in its paucity of parameters.
Once the overall scale is set, perhaps by working in units where the proton mass is unity, the only
remaining parameters are the quark masses. The quarks represent a new level of substructure
within hadronic particles such as the proton.

The viability of this picture relies on some rather unusual features. These include confine-
ment, the inability to isolate a single quark, and the spontaneous breaking of chiral symmetry,
needed to explain the lightness of the pions relative to other hadrons. The study of these phe-
nomena requires the development of techniques that go beyond traditional Feynman perturbation
theory. Here we concentrate on the interplay of two of these,lattice gauge theory and effective
chiral models.

The presentation is meant to be introductory. The aim is to provide a qualitative picture
of how the symmetries of this theory work together rather than to present detailed methods for
calculation. In this first section we briefly review why this theory is so compelling.

1.1 Why quarks

Although an isolated quark has not been seen, we have a variety of reasons to believe in the
reality of quarks as the basis for this next layer of matter. First, quarks provide a rather elegant
explanation of certain regularities in low energy hadronicspectroscopy. Indeed, it was the suc-
cesses of the eightfold way [1] which originally motivated the quark model. Two “flavors’ of
low mass quarks lie at the heart of isospin symmetry in nuclear physics. Adding the somewhat
heavier “strange” quark gives the celebrated multiplet structure described by representations of
the groupSU(3).

Second, the large cross sections observed in deeply inelastic lepton-hadron scattering point
to structure within the proton at distance scales of less than 10−16 centimeters, whereas the
overall proton electromagnetic radius is of order10−13 centimeters [2]. Furthermore, the angular
dependences observed in these experiments indicate that any underlying charged constituents
carry half-integer spin.

Yet a further piece of evidence for compositeness lies in theexcitations of the low-lying
hadrons. Particles differing in angular momentum fall neatly into place along the famous “Regge
trajectories” [3]. Families of states group together as orbital excitations of an underlying ex-
tended system. The sustained rising of these trajectories with increasing angular momentum
points toward strong long-range forces between the constituents.

Finally, the idea of quarks became incontrovertible with the discovery of heavier quark
species beyond the first three. The intricate spectroscopy of the charmonium and upsilon families
is admirably explained via potential models for non-relativistic bound states. These systems rep-
resent what are sometimes thought of as the “hydrogen atoms”of elementary particle physics.
The fine details of their structure provides a major testing ground for quantitative predictions
from lattice techniques.

2If you prefer not to confuse this with the 4000 Angstroms typical of color, you could regard this as an acronym for
Quark Confining Dynamics.
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1.2 Gluons and confinement

Despite its successes, the quark picture raises a variety ofpuzzles. For the model to work so well,
the constituents should not interact so strongly that they loose their identity. Indeed, the question
arises whether it is possible to have objects display point-like behavior in a strongly interacting
theory. The phenomenon of asymptotic freedom, discussed inmore detail later, turns out to be
crucial to realizing this picture.

Perhaps the most peculiar aspect of the theory relates to thefact that an isolated quark has
never been observed. These basic constituents of matter do not copiously appear as free particles
emerging from high energy collisions. This is in marked contrast to the empirical observation
in hadronic physics that anything which can be created will be. Only phenomena prevented by
known symmetries are prevented. The difficulty in producingquarks has led to the concept of a
principle of exact confinement. Indeed, it may be simpler to have a constituent which can never
be produced than an approximate imprisonment relying on an unnaturally small suppression
factor. This is particularly true in a theory like the stronginteractions, which is devoid of any
large dimensionless parameters.

But how can one ascribe any reality to an object which cannot be produced? Is this just some
sort of mathematical trick? Remarkably, gauge theories potentially possess a simple physical
mechanism for giving constituents infinite energy when in isolation. In this picture a quark-
antiquark pair experiences an attractive force which remains non-vanishing even for asymptot-
ically large separations. This linearly rising long distance potential energy forms the basis of
essentially all models of quark confinement.

For a qualitative description of the mechanism, consider coupling the quarks to a conserved
“gluo-electric” flux. In usual electromagnetism the electric field lines thus produced spread and
give rise to the inverse square law Coulombic field. If one cansomehow eliminate massless fields,
then a Coulombic spreading will no longer be a solution to thefield equations. If in removing
the massless fields we do not destroy the Gauss law constraintthat the quarks are the sources of
electric fields, the electric lines must form into tubes of conserved flux, schematically illustrated
in Fig. 1. These tubes begin and end on the quarks and their antiparticles. The flux tube is meant
to be a real physical object carrying a finite energy per unit length. This is the storage medium
for the linearly rising inter-quark potential. In some sense the reason we cannot have an isolated
quark is the same as the reason that we cannot have a piece of string with only one end. In this
picture a baryon would require a string with three ends. It lies in the group theory of non-Abelian
gauge fields that this peculiar state of affairs is allowed.

Of course a length of real string can break into two, but then each piece has itself two ends.
In the QCD case a similar phenomenon occurs when there is sufficient energy in the flux tube to
create a quark-antiquark pair from the vacuum. This is qualitatively what happens when a rho
meson decays into two pions.

One model for this phenomenon is a type II superconductor containing magnetic monopole
impurities. Because of the Meissner effect [4], a superconductor does not admit magnetic fields.
However, if we force a hypothetical magnetic monopole into the systems, its lines of magnetic
flux must go somewhere. Here the role of the “gluo-electric” flux is played by the magnetic
field, which will bore a tube of normal material through the superconductor until it either ends
on an anti-monopole or it leaves the boundary of the system [5]. Such flux tubes have been
experimentally observed in real superconductors [6].
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Fig. 1. A tube of gluonic flux connects quarks and anti-quarks. The strength of this string is 14 tons.

Another example of this mechanism occurs in the bag model [7]. Here the gluonic fields are
unrestricted in the bag-like interior of a hadron, but are forbidden byad hocboundary conditions
from extending outside. In attempting to extract a single quark from a proton, one would draw out
a long skinny bag carrying the gluo-electric flux of the quarkback to the remaining constituents.

The above models may be interesting phenomenologically, but they are too arbitrary to be
considered as the basis for a fundamental theory. In their search for a more elegant approach, the-
orists have been drawn to non-Abelian gauge fields [8]. This dynamical system of coupled gluons
begins in analogy with electrodynamics with a set of massless gauge fields interacting with the
quarks. Using the freedom of an internal symmetry, the action also includes self-couplings of
the gluons. The bare massless fields are all charged with respect to each other. The confinement
conjecture is that this input theory of massless charged particles is unstable to a condensation of
the vacuum into a state in which only massive excitations canpropagate. In such a medium the
gluonic flux around the quarks should form into the flux tubes needed for linear confinement.
While this has never been proven analytically, strong evidence from lattice gauge calculations
indicates that this is indeed a property of these theories.

The confinement phenomenon makes the theory of the strong interactions qualitatively rather
different from the theories of the electromagnetic and weakforces. The fundamental fields of the
Lagrangian do not manifest themselves in the free particle spectrum. Physical particles are all
gauge singlet bound states of the underlying constituents.In particular, an expansion about the
free field limit is inherently crippled at the outset. This isperhaps the prime motivation for the
lattice approach.

In the quark picture, baryons are bound states of three quarks. Thus the gauge group should
permit singlets to be formed from three objects in the fundamental representation. This motivates
the use ofSU(3) as the underlying group of the strong interactions. This internal symmetry
must not be confused with the brokenSU(3) represented in the multiplets of the eightfold way.
Ironically, one of the original motivations for quarks has now become an accidental symmetry,
arising only because three of the quarks are fairly light. The gauge symmetry of importance to
us now is hidden behind the confinement mechanism, which onlypermits observation of singlet
states.

The presentation here assumes, perhaps too naively, that the nuclear interactions can be con-
sidered in isolation from the much weaker effects of electromagnetism, weak interactions, and
gravitation. This does not preclude the possible application of the techniques to the other interac-
tions. Indeed, unification may be crucial for a consistent theory of the world. To describe physics
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at normal laboratory energies, however, it is only for the strong interactions that we are forced to
go beyond well-established perturbative methods. Thus we frame the discussion around quarks
and gluons.

1.3 Perturbation theory is not enough

The best evidence we have for confinement in a non-Abelian gauge theory comes by way of
Wilson’s [9, 10] formulation on a space time lattice. At firstthis prescription seems a little
peculiar because the vacuum is not a crystal. Indeed, experimentalists work daily with highly
relativistic particles and see no deviations from the continuous symmetries of the Lorentz group.
Why, then, have theorists spent so much time describing fieldtheory on the scaffolding of a
space-time lattice?

The lattice should be thought of as a mathematical trick. It provides a cutoff removing the
ultraviolet infinities so rampant in quantum field theory. Ona lattice it makes no sense to consider
momenta with wavelengths shorter than the lattice spacing.As with any regulator, it must be
removed via a renormalization procedure. Physics can only be extracted in the continuum limit,
where the lattice spacing is taken to zero. As this limit is taken, the various bare parameters of
the theory are adjusted while keeping a few physical quantities fixed at their continuum values.

But infinities and the resulting need for renormalization have been with us since the begin-
nings of relativistic quantum mechanics. The program for electrodynamics has had immense
success without recourse to discrete space. Why reject the time-honored perturbative renormal-
ization procedures in favor of a new cutoff scheme?

Perturbation theory has long been known to have shortcomings in quantum field theory. In
a classic paper, Dyson [11] showed that electrodynamics could not be analytic in the coupling
around vanishing electric charge. If it were, then one couldsmoothly continue to a theory where
like charges attract rather than repel. This would allow creating large separated regions of charge
to which additional charges would bind with more energy thantheir rest masses. This would
mean there is no lowest energy state; creating matter-antimatter pairs and separating them into
these regions would provide an inexhaustible source of freeenergy.

The mathematical problems with perturbation theory appearalready in the trivial case of zero
dimensions. Consider the toy path integral

Z(m, g) =

∫

dφ exp(−m2φ2 − gφ4). (1)

Formally expanding and naively exchanging the integral with the sum gives

Z(m, g) =
∑

cig
i (2)

with

ci =
(−1)i
i!

∫

dφ e−m
2φ2

φ4i =
(−1)i(4i)!
m2i+1i!

. (3)

A simple application of Sterling’s approximation shows that at large order these coefficients grow
faster than any power. Given any value forg, there will always be an order in the series where
the terms grow out of control. Note that by scaling the integrand we can write

Z(m, g) = g−1/4

∫

dφ exp(−m2φ2/g−1/2 − φ4). (4)
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This explicitly exposes a branch cut at the origin, yet another way of seeing the non analyticity
at vanishing coupling.

Thinking non-perturbatively sometimes reveals somewhat surprising results. For example,
theφ3 theory of massive scalar bosons coupled with a cubic interaction seems to have a sensible
perturbative expansion after renormalization. However this theory almost certainly doesn’t exist
as a quantum system. This is because when the field becomes large the cubic term in the inter-
action dominates and the theory has no minimum energy state.The Euclidean path integral is
divergent from the outset since the action is unbounded bothabove and below.

Perhaps even more surprising, it is widely accepted, although not proven rigorously, that
a φ4 theory of bosons interacting with a quartic interaction also does not have a non-trivial
continuum limit. The expectation here is that with a cutoff in place, the renormalized coupling
will display an upper bound as the bare coupling varies from zero to infinity. If this upper bound
then decreases to zero as the cutoff is removed, then the renormalized coupling is driven to zero
and we have a free theory.

This issue is sometimes discussed in terms of what is known asthe “Landau pole” [12]. In
non-asymptotically free theories, such asφ4 and quantum electrodynamics, there is a tendency
for the effective coupling to rise with energy. A simple analysis suggests the possibility of the
coupling diverging at a finite energy. Not allowing this would force the coupling at smaller
energies to zero.

The importance of non-perturbative effects is well understood in a class of two dimensional
models that can be solved via a technique known as “bosonization” [13]. This includes massless
two dimensional electrodynamics, i.e. the Schwinger model[14], the sine-Gordon model [15],
and the Thirring model [16]. These solutions exploit a remarkable mapping between fermionic
and bosonic fields in two dimensions. This mapping is also closely related to the solution to the
two dimensional Ising model [17].

Returning to the main problem, QCD, we are driven to the lattice by the necessary prevalence
of non-perturbative phenomena in the strong interactions.Most predominant of these is confine-
ment, but issues related to chiral symmetry and quantum mechanical anomalies, to be discussed
in later sections, are also highly non-perturbative. The theory at vanishing coupling constant
has free quarks and gluons and bears no resemblance to the observed physical world of hadrons.
Renormalization group arguments, discussed later, explicitly demonstrate essential singularities
when hadronic properties are regarded as functions of the gauge coupling. To go beyond the
diagrammatic approach, one needs a non-perturbative cutoff. Herein lies the main virtue of the
lattice, which directly eliminates all wavelengths less than the lattice spacing. This occurs before
any expansions or approximations are begun.

This situation contrasts sharply with the great successes of quantum electrodynamics, where
perturbation theory is central. Most conventional regularization schemes are based on the Feyn-
man expansion; some process is calculated is calculated diagrammatically until a divergence is
met, and the offending diagram is regulated. Since the basiccoupling is so small, only a few
terms give good agreement with experiment. While non-perturbative effects are expected, their
magnitude is exponentially suppressed in the inverse of thecoupling.

On a lattice, a field theory becomes mathematically well-defined and can be studied in various
ways. Conventional perturbation theory, although somewhat awkward in the lattice framework,
should recover all conventional results of other regularization schemes. Discrete space-time,
however, allows several alternative approaches. One of these, the strong coupling expansion,
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is straightforward to implement. Remarkably, confinement is automatic in the strong coupling
limit because the theory reduces to one of quarks on the end ofstrings with finite energy per unit
length. While this realization of the flux tube picture provides insight into how confinement can
work, unfortunately this limit is not the continuum limit. The latter, as we will see later, involves
the weak coupling limit. To study this one can turn to numerical simulations, made possible by
the lattice reduction of the path integral to a conventionalbut large many-dimensional integral.

Non-perturbative effects in QCD introduce certain interesting aspects that are invisible to
perturbation theory. Most famous of these is the possibility of having an explicit CP violating
term in the theory. In the classical theory this involves adding a total derivative term to the action.
This can be rotated away in the perturbative limit. However,as we will discuss extensively later,
in the quantum theory there are dramatic physical consequences.

Non-perturbative effects also raise subtle questions on the meaning of quark masses. Or-
dinarily the mass of a particle is correlated with how it propagates over long distances. This
approach fails due to confinement and the fact that a single quark cannot be isolated. With mul-
tiple quarks, we will also see that there is a complicated dependence of the theory on the number
of quark species. As much of our understanding of quantum field theory is based on perturbation
theory, several of these effects remain controversial.

This picture has evolved over many years. One unusual resultis that, depending on the param-
eters of the theory, QCD can spontaneously break CP symmetry. This is tied to what is known
as Dashen’s phenomenon [18], first noted even before the daysof QCD. In the mid 1970’s, ’t
Hooft [19] elucidated the underlying connection between the chiral anomaly and the topology of
gauge fields. This connection revealed the possible explicit CP violating term, usually calledΘ,
the dependence on which does not apper in perturbative expansions. Later Witten [20] used large
gauge group ideas to discuss the behavior onΘ in terms of effective Lagrangians. Refs. [21–23]
represent a few of the early studies of the effects ofΘ on effective Lagrangians via a mixing
between quark and gluonic operators. The topic continues toappear in various contexts; for ex-
ample, Ref. [24] contains a different approach to understanding the behavior of QCD atΘ = π
via the framework of the two-flavor Nambu Jona-Lasinio model.

All these issues are crucial to understanding certain subtleties with formulating chiral sym-
metry on the lattice. Much of the picture presented here is implicit in the discussion of Ref. [25].
Since then the topic has raised some controversial issues, including the realization that the ambi-
guities in defining quark masses precludes a vanishing up quark mass as a solution to the strong
CP problem [26]. The non-analytic behavior in the number of quark species reveals an inconsis-
tency with one of the popular algorithms in lattice gauge theory [27]. These conclusions directly
follow from the intricate interplay of the anomaly with chiral symmetry. The fact that some of
these issues remain disputed is much of the motivation for this review.

The discussion here is based on a few reasonably uncontroversial assumptions. First, QCD
with Nf light quarks should exist as a field theory and exhibit confinement in the usual way.
Then we assume the validity of the standard picture of chiralsymmetry breaking involving a
quark condensate〈ψψ〉 6= 0. The conventional chiral perturbation theory based on expanding
in masses and momenta around the chiral limit should make sense. We assume the usual result
that the anomaly generates a mass for theη′ particle and this mass survives the chiral limit.
Throughout we considerNf is taken small enough to avoid any potential conformal phaseof
QCD [28].
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2 Path integrals and statistical mechanics

Throughout this review we will be primarily focussed on the Euclidean path integral formulation
of QCD. This approach to quantum mechanics reveals deep connections with classical statistical
mechanics. Here we will explore this relationship for the simple case of a non-relativistic particle
in a potential. Starting with a partition function representing a path integral on an imaginary time
lattice, we will see how a transfer matrix formalism reducesthe problem to the diagonalization
of an operator in the usual quantum mechanical Hilbert spaceof square integrable functions [29].
In the continuum limit of the time lattice, we obtain the canonical Hamiltonian. Except for our
use of imaginary time, this treatment is identical to that inFeynman’s early work [30].

2.1 Discretizing time

We begin with the Lagrangian for a free particle of massm moving in potentialV (x)

L(x, ẋ) = K(ẋ) + V (x) (5)

whereK(ẋ) = 1
2mẋ

2 andẋ is the time derivative of the coordinatex. Note the unconventional
relative positive sign between the two terms in Eq. (5). Thisis because we formulate the path
integral directly in imaginary time. This improves mathematical convergence, yet we are left
with the usual Hamiltonian for diagonalization.

For a particle traversing a trajectoryx(t), we have the action

S =

∫

dt L(ẋ(t), x(t)). (6)

This appears in the path integral

Z =

∫

(dx)e−S . (7)

Here the integral is over all possible trajectoriesx(t). As it stands, Eq. (7) is rather poorly
defined. To characterize the possible trajectories we introduce a cutoff in the form of a time
lattice. Putting our system into a temporal box of total length T , we divide this interval into
N = T

a discrete time slices, wherea is the timelike lattice spacing. Associated with thei’th such
slice is a coordinatexi. This construction is sketched in Figure 2. Replacing the time derivative
of x with a nearest-neighbor difference, we reduce the action toa sum

S = a
∑

i

[

1

2
m

(

xi+1 − xi
a

)2

+ V (xi)

]

. (8)

The integral in Eq. (7) is now defined as an ordinary integral over all the coordinates

Z =

∫

(

∏

i

dxi

)

e−S. (9)

This form for the path integral is precisely in the form of a partition function for a statistical
system. We have a one dimensional polymer of coordinatesxi. The action represents the inverse
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Fig. 2. Dividing time into a lattice ofN slices of timestepa.

temperature times the Hamiltonian of the thermal analog. This is a special case of a deep result,
aD space-dimensional quantum field theory is equivalent to theclassical thermodynamics of a
D + 1 dimensional system. In this example, we have one degree of freedom andD is zero; for
the lattice gauge theory of quarks and gluons,D is three and we work with the classical statistical
mechanics of a four dimensional system.

We will now show that the evaluation of this partition function is equivalent to diagonalizing
a quantum mechanical Hamiltonian obtained from the action via canonical methods. This is done
with the use of the transfer matrix.

2.2 The transfer matrix

The key to the transfer-matrix analysis is to note that the local nature of the action permits us to
write the partition function as a matrix product

Z =

∫

∏

i

dxi Txi+1,xi
(10)

where the transfer-matrix elements are

Tx′,x = exp
[

−m
2a

(x′ − x)− a

2
(V (x′) + V (x))

]

. (11)

The transfer matrix itself is an operator in the Hilbert space of square integrable functions with
the standard inner product

〈ψ′|ψ〉 =
∫

dxψ′∗(x)ψ(x). (12)

We introduce the non-normalizable basis states|x〉 such that

|ψ〉 =
∫

dx ψ(x) |x〉 (13)
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〈x′|x〉 = δ(x′ − x) (14)

1 =

∫

dx |x〉〈x|. (15)

Acting on the Hilbert space are the canonically conjugate operatorŝp andx̂ that satisfy

x̂|x〉 = x|x〉
[p̂, x̂] = −i
e−ipy|x〉 = |x+ y〉. (16)

The operatorT is defined via its matrix elements

〈x′|T |x〉 = Tx′,x (17)

whereTx′,x is given in Eq. (11). With periodic boundary conditions on our lattice ofN sites, the
path integral is compactly expressed as as a trace over the Hilbert space

Z = Tr TN . (18)

ExpressingT in terms of the basic operatorsp̂, x̂ gives

T =

∫

dy e−y
2/(2a) e−aV (x̂)/2 e−ip̂y e−aV (x̂)/2. (19)

To prove this, check that the right hand side has the appropriate matrix elements. The integral
overy is Gaussian and gives

T =

(

2πa

m

)1/2

e−aV (x̂)/2e−ap̂
2/(2m)e−aV (x̂)/2. (20)

The connection with the usual quantum mechanical Hamiltonian appears in the small lattice
spacing limit. Whena is small, the exponents in the above equation combine to give

T =

(

2πa

m

)1/2

e−aH+O(a2) (21)

with

H =
p̂2

2m
+ V (x̂). (22)

This is just the canonical Hamiltonian operator following from our starting Lagrangian.
The procedure for going from a path-integral to a Hilbert-space formulation of quantum

mechanics consists of three steps. First define the path integral with a discrete time lattice.
Then construct the transfer matrix and the Hilbert space on which it operates. Finally, take the
logarithm of the transfer matrix and identify the negative of the coefficient of the linear term in
the lattice spacing as the Hamiltonian. Physically, the transfer matrix propagates the system from
one time slice to the next. Such time translations are generated by the Hamiltonian.

The eigenvalues of the transfer matrix are related to the energy levels of the quantum system.
Denoting thei’th eigenvalue ofT by λi, the path integral or partition function becomes

Z =
∑

i

λNi . (23)
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As the number of time slices goes to infinity, this expressionis dominated by the largest eigen-
valueλ0

Z = λN0 × [1 +O(exp[−N log(λ0/λ1)])]. (24)

In statistical mechanics the thermodynamic properties of asystem follow from this largest eigen-
value. In ordinary quantum mechanics the corresponding eigenvector is the lowest eigenstate of
the Hamiltonian. This is the ground state or, in field theory,the vacuum|0〉. Note that in this
discussion, the connection between imaginary and real timeis trivial. Whether the generator of
time translations isH or iH , we have the same operator to diagonalize.

In statistical mechanics one is often interested in correlation functions between the statistical
variables at different points. This corresponds to a study of the Green’s functions of the cor-
responding field theory. These are obtained upon insertion of polynomials of the fundamental
variables into the path integral.

An important feature of the path integral is that a typical path is non-differentiable [31, 32].
Consider the discretization of the time derivative

ẋ ∼ xi+1 − xi
a

. (25)

The kinetic term in the path integral controls how close the fields are on adjacent sites. Since this
appears as simple Gaussian factorexp(−(xi+1 − xi)2m/a) we see that

1

2
m〈ẋ2〉 = O(1/ma). (26)

This diverges as the lattice spacing goes to zero.
One can obtain the average kinetic energy in other ways, for example through the use of the

virial theorem or by point splitting. However, the fact thatthe typical path is not differentiable
means that one should be cautious about generalizing properties of classical fields to typical
configurations in a numerical simulation. We will see that such questions naturally arise when
considering the topological properties of gauge fields.

3 Quark fields and Grassmann integration

Of course since we are dealing with a theory of quarks, we needadditional fields to represent
them. There are subtle complications in defining their action on a lattice; we will go into these
in some detail later. For now we just assume the quark fieldsψ andψ are associated with the
sites of the lattice and carry suppressed spinor, flavor, andcolor indices. Being generic, we take
an action which is a quadratic form in these fieldsψ(D + m)ψ. Here we formally separate
the kinetic and mass contributions. For the path integral, we are to integrate overψ andψ as
independent Grassmann variables. Thusψ andψ on any site anti-commutes withψ andψ on
any other site.

Grassmann integration is defined formally as a linear function satisfying a shift symmetry.
Consider a single Grassmann variableψ. Given any functionf of ψ, we impose

∫

dψ f(ψ) =

∫

dψ f(ψ + χ) (27)
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whereχ is another fixed Grassmann variable. Since the square of any Grassmann variable van-
ishes, we can expandf in just two terms

f(ψ) = ψa+ b. (28)

Assuming linearity on inserting this into Eq. (27) gives
(∫

dψ ψ

)

a+

(∫

dψ 1

)

b =

(∫

dψ ψ

)

a+

(∫

dψ 1

)

(aχ+ b). (29)

This immediately tells us
∫

dψ 1 must vanish. The normalization of
∫

dψ ψ is still undetermined;
the convention is to take this to be unity. Thus the basic Grassmann integral of a single variable
is completely determined by

∫

dψ ψ = 1 (30)
∫

dψ 1 = 0. (31)

Note that the rule for Grassmann integration seems quite similar to what one would want for
differentiation. Indeed, it is natural to define derivatives as anticommuting objects that satisfy

d

dψ
ψ = 1 (32)

d

dψ
1 = 0. (33)

This is exactly the same rule as for integration. For Grassmann variables, integration and dif-
ferentiation are the same thing. It is a convention what we call it. For the path integral it is
natural to keep the analogy with bosonic fields and refer to integation. On the other hand, for
both fermions and bosons we refer to differentiation when using sources in the path integral as a
route to correlation functions.

We can make changes of variables in a Grassmann integration in a similar way to ordinary
integrals. For example, if we want to change fromψ to χ = aψ, the above integration rules
imply

∫

d(ψ)f(aψ) = a

∫

d(χ)f(χ) (34)

or simplyd(aψ) = dχ = 1
adψ. We see that the primary difference from ordinary integration

is that the Jacobean is inverted. If we consider a multiple integral and takeχ = Mψ with M a
matrix, the transformation generalizes to

dχ = d(Mψ) =
1

det(M)
dψ. (35)

A particularly important consequence is that we can formally evaluate the Gaussian integrals that
appear in the path integral as

∫

dψdψ exp
(

ψ(D +m)ψ
)

=
1

det(D +m)
= det

(

(D +m)−1
)

. (36)
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The normalization is fixed by the earlier conventions. Note that in the path integral formulation
ψ andψ represent independent Grassmann fields; in the next subsection we will discuss the
connection between these and the canonical anti-commutation relations for fermion creation and
annihilation operators in a quantum mechanical Hilbert space..

In practice Eq. (36) allows one to replace fermionic integrals with ordinary commuting fields
φ andφ as

∫

dψdψ exp
(

ψ(D +m)ψ
)

∝
∫

dφdφ exp
(

φ(D +m)−1φ
)

. (37)

This forms the basis for most Monte Carlo algorithms, although the intrinsic need to invert the
large matrixD+mmakes such simulations extremely computationally intensive. This approach
is, however, still much less demanding than any known way to deal directly with the Grassmann
integration in path integrals [33].

3.1 Fermionic transfer matrices

The concept of continuity is lost with Grassman variables. There is no meaning to saying that
fermion fields at nearby sites are near each other. This is closely tied to the doubling issues
that we will discuss later. But is also raises interesting complications in relating Hamiltonian
quantum mechanics with the Euclidian formulation involving path integrals. Here we will go
into how this connection is made with an extremely simple zero space-dimensional model.

Anti-commutation is at the heart of fermionic behavior. This is true in both the Hamiltonian
operator formalism and the Lagrangian path integral, but inrather complementary ways. Starting
with a Hamiltonian approach, if an operatora† creates a fermion in some normalized state on the
lattice or the continuum, it satisfies the basic relation

[a, a†]+ ≡ aa† + a†a = 1. (38)

This contrasts sharply with the fields in a path integral, which all anti-commute

[χ, χ†]+ = 0. (39)

The connection between the Hilbert space approach and the path integral appears through the
transfer matrix formalism. For bosonic fields this is straightforward [29], but for fermions certain
subtleties arise related to the doubling issue [34].

To be more precise, consider a single fermion state created by the operatora†, and an an-
tiparticle state created by another operatorb†. For an extremely simple model, consider the
Hamiltonian

H = m(a†a+ b†b). (40)

Herem can be thought of as a “mass” for the particle. What we want is an exact path integral
expression for the partition function

Z = Tre−βH . (41)

Of course, since the Hilbert space generated bya andb has only four states, this is trivial to work
out:Z = 1+ 2e−βm+ e−2βm. However, we want this in a form that easily generalizes to many
variables.
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The path integral for fermions uses Grassmann variables. Weintroduce a pair of such,χ and
χ†, which will be connected to the operator paira anda†, and another pair,ξ andξ†, for b, b†.
All the Grassmann variables anti-commute. Integration over any of them is determined by the
simple formulas mentioned earlier

∫

dχ 1 = 0 ;

∫

dχ χ = 1. (42)

For notational simplicity combine the individual Grassmann variables into spinors

ψ =

(

χ
ξ†

)

; ψ† = (χ† ξ ) . (43)

To make things appear still more familiar, introduce a “Dirac matrix”

γ0 =

(

1 0
0 −1

)

(44)

and the usual

ψ = ψ†γ0. (45)

Then we have

ψψ = χ†χ+ ξ†ξ. (46)

where the minus sign from usingξ† rather thanξ in definingψ is removed by theγ0 factor. The
temporal projection operators

P± =
1

2
(1± γ0) (47)

arise when one considers the fields at two different locations

χ†
iχj + ξ†i ξj = ψiP+ψj + ψjP−ψi. (48)

The indicesi andj will soon label the ends of a temporal hopping term; this formula is the basic
transfer matrix justification for the Wilson projection operator formalism that we will return to
in later sections.

3.2 Normal ordering and path integrals

For a moment ignore the antiparticles and consider some general operatorf(a, a†) in the Hilbert
space. How is this related to an integration in Grassmann space? To proceed we need a con-
vention for ordering the operators inf . We adopt the usual normal ordering definition with the
notation: f(a, a†) : meaning that creation operators are placed to the left of destruction opera-
tors, with a minus sign inserted for each exchange. In this case a rather simple formula gives the
trace of the operator as a Grassmann integration

Tr : f(a, a†) : =

∫

dχdχ†e2χ
†χf(χ, χ†). (49)
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To verify, just check that all elements of the complete set ofoperators{1, a, a†, a†a} work.
However, this formula is actually much more general; given aset of many Grassmann variables
with one pair associated with each of several fermion states, this immediately generalizes to the
trace of any normal ordered operator acting in a many fermionHilbert space.

What about a product of several normal ordered operators? This leads to the introduction of
multiple sets of Grassmann variables and the general formula

Tr
(

: f1(a
†, a) : : f2(a

†, a) : . . . : fn(a
†, a) :

)

=

∫

dχ1 dχ
∗
1 . . . dχn dχ

∗
n e

χ∗
1(χ1+χn)eχ

∗
2(χ2−χ1) . . . eχ

∗
n(χn−χn−1)

×f1(χ∗
1, χ1)f2(χ

∗
2, χ2) . . . fn(χ

∗
n, χn). (50)

The positive sign onχn in the first exponential factor indicates the natural occurrence of anti-
periodic boundary conditions; ı.e. we can definex0 = −xn. With just one factor, this formula
reduces to Eq. (49). Note how the “time derivative” terms are“one sided;” this is how doubling
is eluded.

This exact relationship provides the starting place for converting our partition function into a
path integral. The simplicity of our example Hamiltonian allows this to be done exactly at every
stage. First we break “time” into a numberN of “slices”

Z = Tr
(

e−βH/N
)N

. (51)

Now we need normal ordered factors for the above formula. Forthis we use

eαa
†a = 1 + (eα − 1)a†a = : e(e

α−1)a†a : , (52)

which is true for arbitraryα.3 This is all the machinery we need to write

Z =

∫

(dψdψ)eS (53)

where

S =

n
∑

i=1

ψn(e
−βm/N − 1)ψn + ψnP+ψn−1 + ψn−1P−ψn. (54)

Note how the projection factors ofP± automatically appear for handling the reverse convention
of χ versusξ in our fieldψ. Expanding the first term gives the−βm/N factor appearing in the
Hamiltonian form for the partition function.

It is important to realize that if we consider the action as a generalized matrix connecting
fermionic variables

S = ψMψ, (55)

the matrixM is not symmetric. The upper components propagate forward intime, and the
lower components backward. Even though our Hamiltonian wasHermitian, the matrix appearing
in the corresponding action is not. With further interactions, such as gauge field effects, the

3The definition of normal ordering gives: (a†a)2 := 0.
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intermediate fermion contributions to a general path integral may not be positive, or even real.
Of course the final partition function, being a trace of a positive definite operator, is positive.
Keeping the symmetry between particles and antiparticles results in a real fermion determinant,
which in turn is positive for an even number of flavors. We willlater see that some rather
interesting things can happen with an odd number of flavors.

For our simple Hamiltonian, this discussion has been exact.The discretization of time adds
no approximations since we could do the normal ordering by hand. In general with spatial
hopping or more complex interactions, the normal ordering can produce extra terms going as
O(1/N2). In this case exact results require a limit of a large number of time slices, but this is a
limit we need anyway to reach continuum physics.

4 Lattice gauge theory

Lattice gauge theory is currently the dominant path to understanding non-perturbative effects.
As formulated by Wilson, the lattice cutoff is quite remarkable in preserving many of the basic
ideas of a gauge theory. But just what is a gauge theory anyway? Indeed, there are many ways
to think of what is meant by this concept.

At the most simplistic level, a Yang-Mills [8] theory is nothing but an embellishment of
electrodynamics with isospin symmetry. Being formulated directly in terms of the underlying
gauge group, this is inherent in lattice gauge theory from the start.

At a deeper level, a gauge theory is a theory of phases acquired by a particle as it passes
through space time. In electrodynamics the interaction of acharged particle with the electro-
magnetic field is elegantly described by the wave function acquiring a phase from the gauge
potential. For a particle at rest, this phase is an addition to its energy proportional to the scalar
potential. The use of group elements on lattice links directly gives this connection; the phase
associated with some world-line is the product of these elements along the path in question. For
the Yang-Mills theory the concept of “phase” is generalizedto a rotation in the internal symmetry
group.

A gauge theory is also a theory with a local symmetry. Gauge transformations involve ar-
bitrary functions of space time. Indeed, with QCD we have an independentSU(3) symmetry
at each point of space time. With the Wilson action formulated in terms of products of group
elements around closed loops, this symmetry remains exact even with the cutoff in place.

In perturbative discussions, the local symmetry forces a gauge fixing to remove a formal
infinity coming from integrating over all possible gauges. For the lattice formulation, however,
the use of a compact representation for the group elements means that the integration over all
gauges becomes finite. To study gauge invariant observables, no gauge fixing is required to
define the theory. Of course gauge fixing can still be done, andmust be introduced to study
more conventional gauge variant quantities such as gluon orquark propagators. But physical
quantities should be gauge invariant; so, whether gauge fixing is done or not is irrelevant for
their calculation.

One aspect of a continuum gauge theory that the lattice does not respect exact is how a gauge
field transforms under Lorentz transformations. In a continuum theory the basic vector potential
can change under a gauge transformation when transforming between frames. The lattice, of
course, breaks Lorentz invariance, and thus this concept loses meaning.
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Here we provide only a brief introduction to the lattice approach to a gauge theory. For
more details one should turn to one of the several excellent books on the subject [35–39]. We
postpone until later a discussion of issues related to lattice fermions. These are more naturally
understood after exploring some of the peculiarities that must be manifest in any non-perturbative
formulation.

4.1 Link variables

Lattice gauge theory is closely tied to two of the above concepts; it is a theory of phases and
it exhibits an exact local symmetry. Indeed it is directly defined in terms of group elements
representing the phases acquired by quarks as they hop around the lattice. The basic variables
are phases associated with each link of a four dimensional space time lattice. For non-Abelian
case, these variables become an elements of the gauge group,i.e. Uij ∈ SU(3) for the strong
interactions. Herei andj denote the sites being conneted by the link in question. We suppress
the group indices to keep the notation under control. These are three by three unitary matrices
satisfying

Uij = U−1
ji = (Uij)

†. (56)

The analogy with continuum vector fieldsAµ is

Ui,i+eµ = eiag0Aµ (57)

Herea represents the lattice spacing andg0 is the bare coupling considered at the scale of the
cutoff.

In the continuum, a non-trivial gauge field arises when the curl (in a four dimensional sense)
of the potential is non zero. This in turn means the phase factor around a small closed loop is not
unity. The smallest closed path in the lattice is a “plaquette,” or elementary square. Consider the
phase corresponding to one such

UP = U12U23U34U41 (58)

where sites 1 through 4 run around the square in question. In an intuitive sense this measures the
flux through this plaquetteUP ∼ exp(iea2g20Fµ,ν). This motivates using this quantity to define
an action. For this, look at the real part of the trace ofUP

ReTrUP = N − a4g20FµνFµν +O(a6). (59)

The overall added constantN is physically irrelevant. This leads directly to the Wilsongauge
action

S(U) = −
∑

P

ReTrUP . (60)

Now we have our gauge variables and an action. To proceed we turn to a path integral as an
integral over all fields of the exponentiated action. For a Lie group, there is a natural measure
that we will discuss shortly. Using this measure, the path integral is

Z =

∫

(dU)e−βS (61)
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where(dU) denotes integration over all link variables. This leads to the conventional continuum
expression12

∫

d4x FµνFµν if we chooseβ = 2N/g20 for groupSU(N) and use the convention-
ally normalized bare couplingg0.

Physical correlation functions are obtained from the path integral as expectation values.
Given an operatorB(U) which depends on the link variables, we have

〈B〉 = 1

Z

∫

(dU)B(U)e−βS(U). (62)

Because of the gauge symmetry, discussed further later, this only makes physical sense ifB is
invariant under gauge transformations.

4.2 Group Integration

The above path integral involves integration over variables which are elements of the gauge
group. For this we use a natural measure with a variety of niceproperties. Given any function
f(g) of the group elementsg ∈ G, the Haar measure is constructed so as to be invariant under
“translation” by an arbitrary fixed elementg1 of the group

∫

dg f(g) =

∫

dg f(g1g) (63)

For a compact group, as for theSU(N) relevant to QCD, this is conventionally normalized so
that

∫

dg 1 = 1. These simple properties are enough for the measure to be uniquely determined.
An explicit representation for this integration measure isalmost never needed, but fairly

straightforward to write down formally. Suppose a general group element is parameterized by
some variablesα1, ...αn. Considering here the caseSU(N), there aren = N2−1 such parame-
ters. Then assume we know some regionR in this parameter space that covers the group exactly
once. Define then dimensional fully antisymmetric tensorǫi1,...in such that, say,ǫ1,2,...n = 1.
Now look at the integral

I = A

∫

R

{dα} f(g(~α)) ǫi1,...inTr
(

(g−1∂i1g)...(g
−1∂ing)

)

. (64)

This has the required invariance properties of Eq. (63). Theproperties of a group imply there
should be a set of parametersα′ depending onα such thatg1g(~α) = g(~α′). If we change the
integration variables fromα to α′, then the epsilon factor generates exactly the Jacobian needed
for this variable change. The normalization factorA is fixed by the above condition

∫

dg 1 = 1.
Once this is done, we have the invariant measure. The above form for the measure will appear
again when we discuss topological issues for gauge fields in Section 6.

Several interesting properties of the Haar measure are easily found. If the group is compact,
the left and right measures are equal

∫

dRg f(g) =

∫

dRg f(gg1) =

∫

dLg1

∫

dRg2 f(g2g1) =

∫

dLg f(g). (65)

This also shows the measure is unique since any left invariant measure could be used. (For a
non-compact group the normalization can differ.) A similarargument shows

∫

dg f(g) =

∫

dg f(g−1). (66)
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For a discrete group,
∫

dg is simply a sum over the elements. ForU(1) = {eiθ|0 ≤ θ < 2π}
the measure is simply an integral over the circle

∫

dg f(g) =

∫ 2π

0

dθ

2π
f(eiθ). (67)

ForSU(2), group elements take the form

g = {a0 + i~a · ~σ|a20 + ~a2 = 1} (68)

and the measure is
∫

dg f(g) =
1

π2

∫

d4a f(g)δ(a2 − 1). (69)

In particular,SU(2) is a 3-sphere.
Some integrals are easily evaluated if we realize that groupintegration picks out the “singlet”

part of a function. Thus
∫

dgRab(g) = 0 (70)

whereR(g) is any irreducible matrix representation other than the trivial one,R = 1. For the
groupSU(3) one can write

∫

dg Trg Trg† = 1 (71)
∫

dg (Trg)3 = 1 (72)

from the well known formulae3⊗ 3 = 1⊕ 8 and3⊗ 3⊗ 3 = 1⊕ 8⊕ 8⊕ 10.
A simple integral useful for the strong coupling expansion is

∫

dg gij (g
†)kl = Iijkl (73)

The group invariance says we can multiply the indices arbitrarily by group element on the left or
right. There is only one combination of the indices that can survive forSU(N)

Iijkl = δilδjk/N. (74)

The normalization here is fixed since tracing overjk should give the identity matrix. Another
integral that has a fairly simple form is

∫

dg gi1j1 gi2j2 . . . giN jN =
1

N !
ǫi1...iN ǫj1...jN (75)

This is useful for studying baryons in the strong coupling regime.
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4.3 Gauge invariance

The action of lattice gauge theory has an exact local symmetry. If we associate an arbitrary group
elementgi with each sitei of the lattice, the action is unchanged if we replace

Uij → g−1
i Uijgj (76)

One consequence is that no link can have a vacuum expectationvalue [40].

〈Uij〉 = g−1
i 〈Uij〉gj = 0. (77)

Generalizing this, unless one does some sort of gauge fixing,the correlation between any two
separatedU matrices is zero. Indeed many things familiar from perturbation theory often vanish
without gauge fixing, including such fundamental objects asquark and gluon propagators!

An interesting consequence of gauge invariance is that we can forget to integrate over a tree
of links in calculating any gauge invariant observable [34]. An axial gauge represents fixing all
links pointing in a given direction.4 Note that This sort of gauge fixing allows the reduction of
two dimensional gauge theories to one dimensional spin models. To see this, pick the tree to be
a non-intersecting spiral of links starting at the origin and extending out to the boundary. Links
transverse to this spiral interact exactly as a one dimensional system. This also shows that two
dimensional gauge theories are exactly solvable. Construct the transfer matrix along this one
dimensional system. The partition function is the sum of theeigenvalues of this matrix each
raised to the power of the volume of the system.

The trace of any product of link variables around a closed loop is the famous Wilson loop.
These quantities are by construction gauge invariant and are the natural observables in the lattice
theory. The well known criterion for confinement is whether the expectation of the Wilson loop
decreases exponentially in the loop area.

More general gauges can be introduced using an analogue of the Fadeev-Popov factor. If
B(U) is gauge invariant, then

〈B〉 = 1

Z

∫

d(U)e−SB(U) =
1

Z

∫

d(U)e−SB(U)f(U)/φ(U) (78)

wheref(U) is an arbitrary gauge fixing function and

φ(U) =

∫

(dg)f(g−1
i Uijgj) (79)

is the integral of the gauge fixing functionf over all gauges. A possible gauge fixing scheme
might be to ask that some functionh of the links vanishes. In this case we could takef = δ(h)
and thenφ =

∫

(dg)δ(h). The integral of a delta function of another function is generically a
determinantφ = det(∂g/∂h). A determinant can generally be written as an integral over aset
of auxiliary “ghost” fields. Pursuing this yields the usual Fadeev-Popov picture [41].

Gauge fixing in the continuum raises several subtle issues ifone wishes to go beyond per-
turbation theory. Given some gauge fixing conditionh = 0 and the correspondingf = δ(h), it
is desirable that this function vanish only once on any gaugeorbit. Otherwise one should cor-
rect for the over counting due to what are known of as “Gribov copies” [42] This turns out to

4Using a tree with small highly-serrated leaves might be called a “light comb gauge.”
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be non-trivial with most perturbative gauges in practice, such as the Coulomb or Landau gauge.
One of the great virtues of the lattice approach is that by notfixing the gauge, these issues are
sidestepped.

On the lattice gauge fixing is unnecessary and usually not done if one only cares about mea-
suring gauge invariant quantities such as Wilson loops. Butthis does have the consequence that
the basic lattice fields are far from continuous. The correlation between link variables at dif-
ferent locations vanishes. The locality of the gauge symmetry literally means that there is an
independent symmetry at each space time point. If we consider a quark-antiquark pair located at
different positions, they transform under unrelated symmetries. Thus concepts such as separat-
ing the potential between quarks into singlet and octet parts are meaningless unless some gauge
fixing is imposed.

4.4 Numerical simulation

Monte Carlo simulations of lattice gauge theory have come todominate the subject. Here one
uses the analogy to statistical mechanics to generate in a computer memory sets of gauge con-
figurations weighted by the exponentiated action of the pathintegral. This is accomplished via a
Markov chain of small weighted changes to a stored system. Various extrapolations are required
to obtain continuum results; the lattice spacing needs to betaken to zero and the lattice size to
infinity. Also, such simulations become increasingly difficult as the quark masses become small;
thus, extrapolations in the quark mass are generally necessary. It is not the purpose of this review
to cover these techniques; indeed, the several books mentioned at the beginning of this section
are readily available. In addition, the proceedings of the annual Symposium on Lattice Field
Theory are available on-line for the latest results.

While confinement is natural in the strong coupling limit of the lattice theory, we will shortly
see that this is not the region of direct physical interest. For this a continuum limit is necessary.
The coupling constant on the lattice represents a bare coupling defined at a length scale given
by the lattice spacing. Non-Abelian gauge theories possessthe property of asymptotic freedom,
which means that in the short distance limit the effective coupling goes to zero. This remarkable
phenomenon allows predictions for the observed scaling behavior in deeply inelastic processes.
The way quarks expose themselves in high energy collisions was one of the original motivations
for a non-Abelian gauge theory of the strong interactions.

In addition to enabling perturbative calculations at high energies, the consequences of asymp-
totic freedom are crucial for numerical studies via the lattice approach. As the lattice spacing
goes to zero, the bare coupling must be taken to zero in a well determined way. Because of
asymptotic freedom, we know precisely how to adjust our simulation parameters to take take the
continuum limit!

In terms of the statistical analogy, the decreasing coupling takes us away from high temper-
ature and towards the low temperature regime. Along the way ageneral statistical system might
undergo dramatic changes in structure if phase transitionsare present. Such qualitative shifts in
the physical characteristics of a system can only hamper thetask of demonstrating confinement in
the non-Abelian theory. Early Monte Carlo studies of lattice gauge theory have provided strong
evidence that such troublesome transitions are avoided in the standard four dimensionalSU(3)
gauge theory of the nuclear force [43].

Although the ultimate goal of lattice simulations is to provide a quantitative understanding of
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continuum hadronic physics, along the way many interestingphenomena arise which are peculiar
to the lattice. Non-trivial phase structure does occur in a variety of models, some of which do
not correspond to any continuum field theory. We should remember that when the cutoff is still
in place, the lattice formulation is highly non-unique. Onecan always add additional terms that
vanish in the continuum limit. In this way spurious transitions might be alternatively introduced
or removed. Physical results require going to the continuumlimit.

4.5 Order parameters

Formally lattice gauge theory is like a classical statistical mechanical spin system. The spinsUij
are elements of a gauge groupG. They are located on the bonds of our lattice. Can this system
become “ferromagnetic”? Indeed, as mentioned above, this is impossible since〈U〉 = 0 follows
from the links themselves not being gauge invariant [40].

But we do expect some sort of ordering to occur in theU(1) theory. If this is to describe
physical photons, there should be a phase with massless particles. Strong coupling expansions
show that for large coupling this theory has a mass gap [9]. Thus a phase transition is expected,
and has been observed in numerical simulations [44]. Exactly how this ordering occurs remains
somewhat mysterious; indeed, although people often look for a “mechanism for confinement,”
it might be interesting to rephrase this question to “how does a theory such as electromagnetism
avoid confinement.”

The standard order parameter for gauge theories and confinement involves the Wilson loop
mentioned above. This is the trace of the product of link variables multiplied around a closed
loop in space-time. If the expectation of such a loop decreases exponentially with the area of
the loop, we say the theory obeys an area law and is confining. On the other hand, a decrease
only as the perimeter indicates an unconfined theory. This order parameter by nature is non-
local; it cannot be measured without involving arbitrarilylong distance correlations. The lattice
approach is well known to give the area law in the strong coupling limit of the pure gauge theory.
Unfortunately, with dynamical quarks this ceases to be a useful measure of confinement. As a
loop becomes large, it will be screened dynamically by quarks “popping” out of the vacuum.
Thus we always will have a perimeter law.

Another approach to understanding the confinement phase is to use the mass gap. As long as
the quarks themselves are massive, a confining theory shouldcontain no physical massless par-
ticles. All mesons, glueballs, and nucleons are expected togain masses through the dimensional
transmutation phenomenon discussed later. As with the arealaw, the presence of a mass gap is
easily demonstrated for the strong coupling limit of the pure glue theory.

If the quarks are massless, this definition also becomes a bittricky. In this case we expect
spontaneous breaking of chiral symmetry, also discussed extensively later. This gives rise to
pions as massless Goldstone bosons. To distinguish this situation from the unconfined theory,
one could consider the number of massless particles in the spectrum by looking at how the
“vacuum” energy depends on temperature using the Stefan-Boltzmann law. WithNf flavors we
haveN2

f −1 massless scalar Goldstone bosons. On the other hand, were the gauge groupSU(N)

not to confine, we would expectN2− 1 massless vector gauge bosons plusNf massless quarks,
all of which have two degrees of freedom.



Confinement, chiral symmetry, and the lattice 25

5 Renormalization and the continuum limit

Asymptotic freedom is a signature feature of the theory of the strong interactions. Interactions
between quarks decrease at very short distances. From one point of view this allows perturbative
calculations in the high energy limit, and this has become anindustry in itself. But the concept is
also of extreme importance to lattice gauge theory. Indeed,asymptotic freedom tells us precisely
how to take the continuum limit. This chapter reviews the renormalization group and this crucial
connection to the lattice. When fermions are present their masses must also be renormalized, but
the renormalization group also tells us exactly how to do this.

5.1 Coupling constant renormalization

At the level of tree Feynman diagrams, relativistic quantumfield theory is well defined and
requires no renormalization. However as soon as loop corrections are encountered, divergences
appear and must be removed by a regularization scheme. In general the theory then depends
on some cutoff, which is to be removed with a simultaneous adjustment of the bare parameters
while keeping physical quantities finite.

For example, consider a lattice cutoff with spacinga. The proton massmp is a finite physical
quantity, and on the lattice it will be some, a priori unknown, function of the cutoffa, the bare
gauge couplingg and the bare quark masses. For the quark-less theory we coulduse the lightest
glueball mass for this purpose. The basic idea is to hold enough physical properties constant to
determine how the coupling and quark masses behave as the lattice spacing is reduced.

As the quark masses go to zero the proton mass is expected to remain finite; thus, to simplify
the discussion, temporarily ignore the quark masses. Thus consider the proton mass as a func-
tion of the gauge coupling and the cutoff,mp(g, a). Holding this constant as the cutoff varies
determines howg depends ona. This is the basic renormalization group equation

a
d

da
mp(g(a), a) = 0 = a

∂

∂a
mp(a, g) + a

(

dg

da

)

∂

∂g
mp(a, g). (80)

By dimensional analysis, the proton mass should scale asa−1 at fixed bare coupling. Thus we
know that

a
∂

∂a
mp(g, a) = −mp(g, a) (81)

The “renormalization group function”

β(g) = a
∂g

∂a
=
−mp(g, a)
∂
∂gmp(g, a)

. (82)

characterizes how the bare coupling is to be varied for the continuum limit.
As renormalization is not needed until quantum loops are encountered,β(g) vanishes asg3

when the coupling goes to zero. Define perturbative coefficients from the asymptotic series

β(g) = β0g
3 + β1g

5 + . . . (83)
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Politzer [45] and Gross and Wilczek [46, 47] first calculatedthe coefficientβ0 for non-Abelian
gauge theories, with the result

β0 =
1

16π2
(11N/3− 2Nf/3) (84)

where the gauge group isSU(N) andNf denotes the number of fermionic species. As long as
Nf < 11N/2 this coefficient is positive. Assuming we can reach a region where this first term
dominates, decreasing the cutoff corresponds to decreasing the coupling. This is the heart of
asymptotic freedom, which tells us that the continuum limitof vanishing lattice spacing requires
taking a limit towards vanishing coupling. The two loop contribution to Eq. (83) is also known
[48,49]

β1 =

(

1

16π2

)2
(

34N2/3− 10NNf/3−Nf (N2 − 1)/N
)

. (85)

In general the functionβ(g) depends on the regularization scheme in use. For example it
might depend on what physical property is held fixed as well asdetails of how the cutoff is
imposed. Remarkably, however, these first two coefficients are universal. Consider two different
schemes each defining a bare coupling as a function of the cutoff, say g(a) and g′(a). The
expansion for one in terms of the other will involve all odd powers of the coupling. In the weak
coupling limit each formulation should reduce to the classical Yang-Mills theory, and thus to
lowest order they should agree

g′ = g + cg3 +O(g5) (86)

We can now calculate the new renormalization group function

β′(g′) = a
dg′

da
=
∂g′

∂g
β(g)

= (1 + 3cg3)(β0g
2 + β1g

3) +O(g5)

= β0g
′3 + β1g

′3 +O(g′
5
) (87)

Through orderg′3 the dependence on the parameterc cancels. This, however, does not continue
to higher orders, where alternate definitions of the beta function generally differ. We will later
comment further on this non-uniqueness.

The renormalization group function determines how rapidlythe coupling decreases with cut-
off. Separating variables

d(log(a)) =
dg

β0g3 + β1g5 +O(g7)
(88)

allows integration to obtain

log(aΛ) = − 1

2β0g2
+
β1
β2
0

log(g) +O(g2) (89)

whereΛ is an integration constant. This immediately shows that thelattice spacing decreases
exponentially in the inverse coupling

a =
1

Λ
e−1/2β0g

2

g−β1/β
2
0 (1 +O(g2)). (90)
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Remarkably, although the discussion began with the beta function obtained in perturbation the-
ory, the right hand side of Eq. (90) has an essential singularity at vanishing coupling. The renor-
malization group provides non-perturbative information from a perturbative result.

Dropping the logarithmic corrections, the coupling as a function of the cutoff reduces to

g2 ∼ 1

2β0 log(1/Λa)
(91)

showing the asymptotic freedom result that the bare coupling goes to zero logarithmically with
the lattice spacing in the continuum limit.

The integration constantΛ is defined from the bare charge and in a particular cutoff scheme.
Its precise numerical value will depend on details, but oncethe scheme is chosen, it is fixed
relative to the scale of the quantity used define the physicalscale. In the above discussion this
was the proton mass. The existence of a scheme dependence canbe seen by considering two
different bare couplings as related in Eq. (86). The relation between the integration constants is

log(Λ′/Λ) =
c

2β0
. (92)

The massm of a physical particle, perhaps the proton used above, is connected to an inverse
correlation length in the statistical analogue of the theory. Measuring this correlation length in
lattice units, we can consider the dimensionless combination ξ = 1/am. For the continuum
limit, we want this correlation length to diverge. Multiplying Eq. (90) by the mass tells us how
this divergence depends on the lattice coupling

ma = ξ−1 =
m

Λ
e−1/2β0g

2

g−β1/β
2
0 (1 +O(g2)). (93)

Conversely, if we know how a correlation lengthξ of the statistical system diverges as the cou-
pling goes to zero, we can read off the particle mass in units of Λ as the coefficient of the behavior
in this equation. This exemplifies the close connection between diverging correlation lengths in
a statistical system and the continuum limit of the corresponding quantum field theory.

We emphasize again the exponential dependence on the inverse coupling appearing in Eq. (93).
This is a function that is highly non-analytic at the origin.This demonstrates quite dramatically
that QCD cannot be fully described by perturbation theory.

5.2 A parameter free theory

This discussion brings us to the remarkable conclusion that, ignoring the quark masses, the strong
interactions have no free parameters. The cutoff is absorbed intog(a), which in turn is absorbed
into the renormalization group dependence. The only remaining dimensional parameterΛ serves
to set the scale for all other masses. In the theory considered in isolation, one may select units
such thatΛ is unity. After such a choice, all physical mass ratios are determined. Coleman and
Weinberg [50] have given this process, wherein a dimensionless parameterg and a dimensionful
onea manage to “eat” each other, the marvelous name “dimensionaltransmutation.”

In the theory including quarks, their masses represent further parameters. Indeed, these are
the only parameters in the theory of the strong interactions. In the limit where the quark masses
vanish, referred to as the chiral limit, we return to a zero parameter theory. In this approximation
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to the physical world, the pion mass is expected to vanish andall dimensionless observables
should be uniquely determined. This applies not only to massratios, such as of the rho mass to
the proton, but as well to quantities such as the pion-nucleon coupling constant, once regarded as
a parameter for a perturbative expansion. As the chiral approximation has been rather successful
in the predictions of current algebra, we expect an expansion in the small quark masses to be a
fairly accurate description of hadronic physics. Given a qualitative agreement, a fine tuning of
the small quark masses should give the pion its mass and complete the theory.

The exciting idea of a parameter-free theory is sadly lacking from most treatments of the
other interactions such as electromagnetism or the weak force. There the couplingα ∼ 1/137
is treated as a parameter. One might optimistically hope that the inclusion of the appropriate
non-perturbative ideas into a unified scheme would ultimately renderα and the quark and lepton
masses calculable.

5.3 Including quark masses

Above we concentrated on the flow of the bare coupling as one takes the continuum limit. Of
course with massive quarks in the theory, the bare quark massis also renormalized. Here we
extend the above discussion to see how the two bare parameters flow together to zero in a well
defined way.

Including the mass flow, the renormalization group equations become

a
dg

da
= β(g) = β0g

3 + β1g
5 + . . .+ non-perturbative

a
dm

da
= mγ(g) = m(γ0g

2 + γ1g
4 + . . .) + non-perturbative. (94)

Now we have three perturbative coefficientsβ0, β1, γ0 which are scheme independent and
known [45–49,51,52]. ForSU(3) we have

β0 =
11−2Nf/3

(4π)2 = .0654365977 (Nf = 1)

β1 =
102−12Nf

(4π)4 = .0036091343 (Nf = 1)

γ0 = 8
(4π)2 = .0506605918

(95)

For simplicity we work withNf degenerate quarks, although this is easily generalized to the
non-degenerate case. It is important to recognize that the “non-perturbative” parts fall faster
than any power ofg asg → 0. As we will discuss later, unlike the perturbative pieces, the
non-perturbative contributions toγ in general need not be proportional to the quark mass.

As with the pure gauge theory discussed earlier, these equations are easily solved to show

a =
1

Λ
e−1/2β0g

2

g−β1/β
2
0 (1 +O(g2))

m =Mgγ0/β0(1 +O(g2)). (96)

The quantitiesΛ andM are “integration constants” for the renormalization groupequations.
Rewriting these relations gives the coupling and mass flow inthe continuum limita→ 0

g2 ∼ 1

log(1/Λa)
→ 0 “asymptotic freedom”



Confinement, chiral symmetry, and the lattice 29

0

a

m(a)

g(a)

Fig. 3. In the continuum limit both the bare coupling and baremass for QCD flow to zero.

m ∼M
(

1

log(1/Λa)

)γ0/β0

→ 0 (97)

HereΛ is usually regarded as the “QCD scale” andM as the “renormalized quark mass.” The
resulting flow is sketched in Fig. 3.

The rate of this flow to the origin is tied to the renormalization group constants, which can
be obtained from the inverted equations

Λ = lim
a→0

e−1/2β0g
2

g−β1/β
2
0

a
(98)

M = lim
a→0

mg−γ0/β0 . (99)

Of course, as discussed forΛ above, the specific numerical values of these parameters depend on
the detailed renormalization scheme.

Definingβ(g) andγ(g) is most naturally done by fixing some physical quantities andadjust-
ing the bare parameters as the cutoff is removed. Because of confinement we can’t use the quark
mass itself, but we can select several physical particle massesmi(g,m, a) to hold fixed. This
leads to the constraint

a
dmi(g,m, a)

da
= 0 =

∂mi

∂g
β(g) +

∂mi

∂m
mγ(g) + a

∂mi

∂a
. (100)

For simplicity, continue to work with degenerate quarks of massm. Then we have two bare
parameters(g,m), and we need to fix two quantities.5 Natural candidates are the lightest baryon
mass, denoted here asmp, and the lightest boson mass,mπ. Then we can explicitly rearrange
these relations to obtain a somewhat formal but explicit expression for the renormalization group
functions

β(g) =
(

a∂mπ

∂a
∂mp

∂m − a
∂mp

∂a
∂mπ

∂m

)

/

(

∂mp

∂g
∂mπ

∂m −
∂mπ

∂g
∂mp

∂m

)

5Actually there is a third parameter related to CP conservation. Here we assume CP is a good symmetry and ignore
this complication. This issue will be further discussed in later sections.
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γ(g) =
(

a∂mπ

∂a
∂mp

∂g − a
∂mp

∂a
∂mπ

∂g

)

/

(

∂mp

∂m
∂mπ

∂g −
∂mπ

∂m
∂mp

∂g

)

. (101)

Note that this particular definition includes all perturbative and non-perturbative effects. In addi-
tion, this approach avoids any need for gauge fixing.

Once givenmp,mπ, and a renormalization scheme, then the dependence of the bare param-
eters on the cutoff is completely fixed. The physical masses are mapped onto the integration
constants

Λ = Λ(mp,mπ) (102)

M =M(mp,mπ). (103)

Formally these relations can be inverted to express the masses as functions of the integration
constants,mi = mi(Λ,M). Straightforward dimensional analysis tells us that the masses must
take the form

mi = Λfi(M/Λ). (104)

As we will discuss in more detail in later sections, for the multi-flavor theory we expect the
pions to be Goldstone bosons withm2

π ∼ mq. This tells us that the above function for the
pion should exhibit a square root singularityfπ(x) ∼ x1/2. This relation removes any additive
ambiguity in defining the renormalized quark massM . As will be discussed in more detail later,
this conclusion does not persist if the lightest quark becomes non-degenerate.

5.4 Which beta function?

Thus far our discussion of the renormalization group has been in terms of the bare charge with a
cutoff in place. This is the natural procedure in lattice gauge theory; however, there are alternative
approaches to the renormalization group that are frequently used in the continuum theory. We
now make some comments on connection between the lattice andthe continuum approaches.

An important issue is that there are many different ways to define a renormalized coupling;
it should first of all be an observable that remains finite in the continuum limit

lim
a→0

gr(µ, a, g(a)) = gr(µ). (105)

Hereµ is a dimensionful energy scale introduced to define the renormalized coupling. The
subscriptr is added to distinguish this coupling from the bare one. For perturbative purposes
one might use a renormalized three-gluon vertex in a particular gauge and with all legs at a given
scale of momentum proportional toµ. But many alternatives are possible; for example, one
might use as an observable the force between two quarks at separation1/µ.

Secondly, to be properly called a renormalization of the classical coupling,gr should be
normalized such that it reduces to the bare coupling in lowest order perturbation theory for the
cutoff theory

gr(µ, a, g) = g +O(g3). (106)
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Beyond this, the definition ofgr is totally arbitrary. In particular, given any physical observable
H defined at scaleµ and satisfying a perturbative expansion

H(µ, a, g) = h0 + h1g
2 +O(g4) (107)

we can define a corresponding renormalized coupling

g2H(µ) = (H(µ)− h0)/h1. (108)

As the energy scale goes to infinity, this renormalized charge should go to zero. But with a
different observable, we will generally obtain a differentfunctional behavior for this flow. From
this flow of the renormalized charge we can define a renormalized beta function

βr = −µ
∂gr(µ)

∂µ
. (109)

We now draw a remarkable connection between the renormalized renormalization group
functionβr(gr) and the functionβ(g) defined earlier for the bare coupling. When the cutoff
is still in place, the renormalized coupling is a function ofthe scaleµ of the observable, the
cutoff a, and the bare couplingg. Since we are working with dimensionless couplings,gr can
depend directly onµ anda only through their product. This simple application of dimensional
analysis implies

a
∂gr
∂a

∣

∣

∣

∣

g

= µ
∂gr
∂µ

∣

∣

∣

∣

g

= −βr. (110)

Now, in the continuum limit as we takea to zero and adjustg appropriately,gr should become a
function of the physical scaleµ alone. Indeed, we could usegr(µ) itself as the physical quantity
to hold fixed for the continuum limit. Then we obtain

a
∂gr
∂a

+
∂gr
∂g

a
∂g

∂a
= 0. (111)

Using this in an analysis similar to that in Eq. (87), we find

βr(gr) = β0g
3
r + β1g

5
r +O(g7r ). (112)

Whereβ0 andβ1 are the same coefficients that appear in Eq. (83). Both the renormalized and
the bareβ functions have the same first two coefficients in their perturbative expansions. Indeed,
it was through consideration of the renormalized coupling thatβ0 andβ1 were first calculated.

It is important to reiterate the considerable arbitrariness in defining both the bare and the
renormalized couplings. Far from the continuum there need be no simple relationship between
different formulations. Once one leaves the perturbative region, even such things as zeros in the
β functions are not universal. For one extreme example, it is allowed to force the beta function to
consist of only the first two terms. In this case, as long asNf is small enough thatβ1 > 0, there is
explicitly no other zero of the beta function except atg = 0. On the other hand, one might think
it natural to define the coupling from the force between two quarks. When dynamical quarks are
present, at large distances this falls exponentially with the pion mass at large distances. In this
case the beta function must have another zero in the vicinityof where the screening sets in. Thus,
even the existence of zeros in the beta function is scheme dependent. The only exception to this
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is if a zero occurs in a region of small enough coupling that perturbation theory can be trusted.
This has been conjectured to happen for a sufficient number offlavors [28].

The perturbative expansion ofβR has important experimental consequences. If, as expected,
the continuum limit is taken at vanishing bare coupling and the renormalized coupling is small
enough that the first terms in Eq. (112) dominate, then the renormalized coupling will be driven to
zero logarithmically as its defining scaleµ goes to infinity. Not only does the bare coupling van-
ish, but the effective renormalized coupling becomes arbitrarily weak at short distances. This is
the physical implication of asymptotic freedom; phenomenainvolving only short-distance effects
may be accurately described with a perturbative expansion.Indeed, asymptotically free gauge
theories were first invoked for the strong interactions as anexplanation of the apparently free
parton behavior manifested in the structure functions associated with deeply inelastic scattering
of leptons from hadrons.

The dependence of the integration constantΛ on the details of the renormalization scheme
carries over to the continuum renormalization group as well. Given a particular definition of the
renormalized couplinggr(µ), its behavior asr goes to zero will involve a scaleΛr in analogy
to the scale in the bare coupling. Hasenfratz and Hasenfratz[53, 54] were the first to perform
the necessary one loop calculations to relateΛ from the Wilson lattice gauge theory withΛr
defined from the three-gluon vertex in the Feynman gauge and with all legs carrying momentum
µ2. They found

Λr
Λ

=

(

57.5 SU(2)
83.5 SU(3)

)

(113)

for the pure gauge theory. Note that not only isΛ scheme dependent, but that different definitions
can vary by rather large factors. The original calculation of these numbers was rather tedious.
They have been verified with calculationally more efficient techniques based on quantum fluctu-
ations around a slowly varying classical background field [55].

5.5 Flows and irrelevant operators

We now briefly discuss another way of looking at the renormalization group as relating theories
with different lattice spacings. Given one lattice theory,one could imagine generating another
with a larger lattice spacing by integrating over all links except those on some super lattice.
While this is conceptually possible, to do it exactly in morethan one dimension will generate an
infinite number of couplings. If we could keep track of such, the procedure would be “exact,”
but in reality we usually need some truncation. Continuing to integrate out degrees of freedom,
the couplings flow and might reach some “fixed point” in this infinite space. With multiple
couplings, there can be an attractive “sheet” towards whichcouplings flow, and then they might
continue to flow towards a fixed point, as sketched in Fig. 4. Ifthe fixed point has only one
attractive direction, then two different models that flow towards that same fixed point will have
the same physics in the large distance limit. This is the concept of universality;i.e. exponents
are the same for all models with the same attractor.

Some hints on this process come from dimensional analysis, although, in ignoring non-
perturbative effects that might occur at strong coupling, the following arguments are not rigorous.
In d dimensions a conventional scalar field has dimensions ofM

d−2

2 . Thus the coupling constant
λ in an interaction of form

∫

ddx λφn has dimensions ofMd−nd−2

2 . On a lattice of spacinga,
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Fig. 4. A generic renormalization group flow. In general thisoccurs in an infinite dimensional space.

the natural unit of dimension is the inverse lattice spacing. Thus without any special tuning, the
renormalized coupling at some fixed physical scale would naturally run asλ ∼ an

d−2

2
−d. As

long as the exponent in this expression is positive, i.e.

n ≥ 2d

d− 2

we expect the coupling to become “irrelevant” in the continuum limit. The fixed point is driven
towards zero in the corresponding direction. Ifd exceeds four, this is the case for all interactions.
(We ignoreφ3 in 6 dimensions because of stability problems.) This suggests that four dimensions
is a critical case, with mean field theory giving the right qualitative critical behavior for all larger
dimensions. In four dimensions we have several possible “renormalizable” couplings which are
dimensionless, suggesting logarithmic corrections to thesimple dimensional arguments. Indeed,
four-dimensional non-Abelian gauge theories display exactly such a logarithmic flow; this is
asymptotic freedom.

This simple dimensional argument applied to the mass term suggests it would flow towards
infinity in all dimensions. For a conventional phase transition, something must be tuned to a
critical point. In statistical mechanics this is the temperature. In field theory language we usually
remap this onto a tuning of the bare mass term, saying that thetransition occurs as bare masses
go through zero. For a scalar theory this tuning for a continuum limit seems unnatural in and is
one of the unsatisfying features of the standard model, driving particle physicists to try to unravel
how the Higg’s mechanism really works.

In non-Abelian gauge theories with multiple massless fermions, chiral symmetry protects
the mass from renormalization, avoiding any special tuning. Indeed, as we have discussed, be-
cause of dimensional transmutation, all dimensionless parameters in the continuum limit are
completely determined by the basic structure of the initialLagrangian, without any continuous
parameters to tune. In the limit of vanishing pion mass, the rho to nucleon mass ratio should
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be determined from first principles; it is the goal of latticegauge theory to calculate just such
numbers.

As we go below four dimensions, this dimensional argument suggests that several couplings
can become “relevant,” requiring the renormalization group picture of flow towards a non-trivial
fixed point. Above two dimensions the finite number of renormalizable couplings corresponds to
the renormalization group argument for a finite number of “universality classes,” corresponding
to different basic symmetries.

One might imagine dimensionality as being a continuously variable parameter. Then just
below four dimensions a renormalizable coupling becomes “super-renormalizable” and a new
non-trivial fixed point breaks away from vanishing coupling. Near four dimensions this point is
at small coupling, forming the basis for an expansion in4−d. This has become a major industry,
making remarkably accurate predictions for critical exponents in three dimensional systems [56].

An important consequence of this discussion is that a lattice action is in general highly non-
unique. One can always add irrelevant operators and expect to obtain the same continuum limit.
Alternatively, one might hope to improve the approach the continuum limit by a judicious choice
of the lattice action.

The renormalization group is indeed a rich subject. We have only touched on a few issues that
are particularly valuable for the lattice theory. Perhaps the most remarkable result of this section
is how a perturbative analysis of the renormalization-group equation gives rise to information on
the non-perturbative behavior in the particle masses, as exhibited in Eq. (93).

6 Classical gauge fields and topology

The above renormalization group analysis demonstrates that non-perturbative effects are crucial
to understanding the continuum limit of QCD on the lattice. However, the importance of go-
ing beyond the perturbation expansion for non-Abelian gauge theories was dramatically exposed
from a completely different direction with the discovery ofnon-trivial classical solutions char-
acterized by an essential singularity at vanishing coupling. Here we review these solutions and
some of the interesting consequences for the Dirac operator.

We start with some basic definitions to establish notation incontinuum language. Being
ultimately interested in QCD, we concentrate on the gauge groupSU(N). This group hasN2−1
generators denotedλα. They are tracelessN byN matrices and satisfy the commutation relations

[λα, λβ ] = ifαβγλγ , (114)

involving the group structure functionsfαβγ . By convention, these generators are orthogonalized
and normalized

Trλαλβ =
1

2
δαβ . (115)

ForSU(2) the generators would be the spin matricesλα = σα/2, and the generators the three
indexed antisymmetric tensorfαβγ = ǫαβγ .

Associated with the each of the generatorsλα is a gauge potentialAαµ(x). For the classical
theory, assume these are differentiable functions of spacetime and vanish rapidly at infinity. For
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the quantum theory this assumption of differentiability isa subtle issue to which we will later
return. The notation simplifies a bit by defining a matrix valued fieldA

Aµ = Aαµλ
α. (116)

The covariant derivative is a matrix valued differential operator defined as

Dµ = ∂µ + igAµ. (117)

Given the gauge potential, the corresponding matrix valuedfield strength is

Fµν =
−i
g
[Dµ, Dν ] = ∂µAν − ∂νAµ + ig[Aµ, Aν ] = DµAν −DνAµ. (118)

We define the dual field strength as

F̃µν =
1

2
ǫµνρσFρσ (119)

with ǫµνρσ being the antisymmetric tensor withǫ1234 = 1.
In terms of the field strength, the classical Yang-Mills action is

S =
1

2

∫

d4x Tr FµνFµν , (120)

and the classical equations of motion are

DµFµν = 0. (121)

This defines the classical Yang-Mills theory.
The Jacobi identity

[A, [B,C]] + [B, [C,A]] + [C, [A,B]] = 0 (122)

applied to the covariant derivative implies that

ǫµνρσDνFρσ = 0 (123)

orDµF̃µν = 0. This immediately implies that any self-dual or anti-self-dual field withF = ±F̃
automatically satisfies the classical equations of motion.This is an interesting relation since
F = F̃ is linear in derivatives of the gauge potential. This leads to a multitude of known
solutions [57], but here we concentrate on just the simplestnon-trivial one.

This theory is, after all, a gauge theory and therefore has a local symmetry. We previously
discussed this in the lattice context. There it was originally motivated by the continuum gauge
transformations of the classical theory, which we now review. Let h(x) be a space dependent
element ofSU(N) in the fundamental representation. Assume thath is differentiable. Now
define the gauge transformed field

A(h)
µ → h†Aµh−

i

g
h†(∂µh). (124)

This transformation takes a simple form for the covariant derivative

h†Dµh = D(h)
µ = ∂µ + igA(h)

µ . (125)

Similarly for the field strength we have

F (h)
µν = h†Fµνh. (126)

Thus the action is invariant under this transformation,S(A) = S(A(h)).
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6.1 Surface terms

A remarkable feature of this formalism is that the combinationTr FF̃ is a total derivative. To
see this first construct

FF̃ =
1

2
ǫµνρσ(2∂µAν + igAµAν)(2∂ρAσ + igAρAσ)

=
1

2
ǫµνρσ

(

4∂µAν∂ρAσ + 4ig(∂µAν)AρAσ − g2AµAνAρAσ
)

. (127)

If we take a trace of this quantity, the last term will drop outdue to cyclicity. Thus

TrFF̃ = 2∂µǫµνρσTr (Aν∂ρAσ + igAνAρAσ) = 2∂µKµ (128)

where we define

Kµ ≡ ǫµνρσTr (Aν∂ρAσ + 2igAνAρAσ) . (129)

Note that althoughTr FF̃ is gauge invariant, this is not true forKµ.
Being a total derivative, the integral of this quantity
∫

d4x
1

2
TrFF̃ (130)

would vanish if we ignore surface terms. What is remarkable is that there exist finite action
gauge configurations for which this does not vanish even though the field strengths all go to zero
rapidly at infinity. This is because the gauge fieldsAµ that appear explicitly in the currentKµ

need not necessarily vanish as rapidly asFµν .
These surface terms are closely tied to the topology of the gauge potential at large distances.

As we want the field strengths to go to zero at infinity, the potential should approach a pure gauge
formAµ → −i

g h
†∂µh. In this case

Kµ → −
1

g2
ǫµνρσTr(h

†∂νh)(h
†∂ρh)(h

†∂σh). (131)

Note the similarity of this form to that for the group measurein Eq. (64). Indeed, it is invariant if
we takeh→ h′h with h′ being a constant group element. The surface at infinity is topologically
a three dimensional sphereS3. If we concentrate onSU(2), this is the same as the topology
of the group space. For larger groups we can restricth to anSU(2) subgroup and proceed
similarly. Thus the integral ofKµ over the surface reduces to the integral ofh over a sphere
with the invariant group measure. This can give a non-vanishing contribution if the mapping of
h onto the sphere at infinity covers the entire group in a non-trivial manner. Mathematically,
one can map theS3 of infinite space onto theS3 of group space an integer number of times, i.e.
Π3(SU(2)) = Z. Thus we have

∫

d4x
1

2
TrFF̃ ∝ ν (132)

whereν is an integer describing the number of timesh(x) wraps around the group asx covers
the sphere at infinity. The normalization involves the surface area of a three dimensional sphere
and can be worked out with the result

∫

d4x
1

2
TrFF̃ =

8π2ν

g2
. (133)
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For groups larger thanSU(2) one can deformh to lie in anSU(2) subgroup, and thus this
quantization of the surface term applies to anySU(N).

If we were to place such a configuration into the path integralfor the quantum theory, we
might expect a suppression of these effects by a factor ofexp(−8π2/g2). This is clearly non-
perturbative, however this factor strongly underestimates the importance of topological effects.
The problem is that we only need to excite non-trivial fields over the quantum mechanical vac-
uum, not the classical one. The correct suppression is indeed exponential in the inverse coupling
squared, but the coefficient in the exponent can be determined from asymptotic freedom and
dimensional transmutation. We will return to this point in Subsection 9.3.

The combinationTrFF̃ is formally a dimension four operator, the same as the basic gauge
theory action densityTrFF . This naturally leads to the question of what would happen ifwe
consider a new action which also includes this parity odd term. Classically it does nothing since
it reduces to the surface term described above. However quantum mechanically this is no longer
the case. As we will discuss extensively later, the physics of QCD depends quite non-trivially
on such a term. An interesting feature of this new term follows from the quantization of the
resulting surface term. Because of the above quantization and an imaginary factor in the path
integral, physics is periodic in the coefficient of1

2TrFF̃ . Although discussing the consequences
directly with such a term in the action is traditional, we will follow a somewhat different path in
later sections and introduce this physics through its effects on fermions.

6.2 An explicit solution

To demonstrate that non-trivial winding solutions indeed exist, specialize toSU(2) and find an
explicit example. To start, consider the positivity of the norm ofF ± F̃

0 ≤
∫

d4x (F ± F̃ )2 = 2

∫

d4x F 2 ± 2

∫

d4x F F̃ . (134)

This means that the action is bounded below by
∫

d4x 1
2TrFF̃ and this bound is reached only if

F = ±F̃ . As mentioned earlier, reaching this is sufficient to guarantee a solution to the equations
of motion. We will now explicitly construct such a self dual configuration.

Start with a gauge transformation function which is singular at the origin but maps around
the group at a constant radius

h(xµ) =
t+ i~τ · ~x√

x2
=
Tµxµ
|x| . (135)

Here we define the four component objectTµ = {1, i~τ}. Considering space with the origin
removed, construct the pure gauge field

Bµ =
−i
g
h†∂µh =

−i
g
h†(Tµx

2 − xµT · x)/|x|3. (136)

Because this is nothing but a gauge transformation of a vanishing gauge field, the corresponding
field strength automatically vanishes

∂µBν − ∂νBµ + ig[Bµ, Bν ] = 0. (137)
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This construction gives a unit winding at infinity. However this gauge field is singular at the
origin where the winding unwraps. If we smooth this singularity at x = 0 with a field of form

Aµ = f(x2)Bµ. (138)

wheref(0) = 0 andf(∞) = 1, this will remove the unwrapping at the origin and automatically
leave a field configuration with non-trivial winding. The idea is to find a particularf(x2) such
thatA also gives a self dual field strength and thereby is a solutionto the equations of motion.

We have set things up symmetrically under space-time rotations about the origin. This con-
nection withO(4) is convenient in that we only need to verify the self duality along a single
direction. Consider this to be the time axis, along which self duality requires

F01(~x = 0, t) = ±F23(~x = 0, t). (139)

A little algebra gives

Fµν = (f − f2)(∂µBν − ∂νBµ) + 2f ′(xµBν − xνBµ). (140)

So along the time axis we have

F01 → 2f ′t
τ1
gt

F23 → (f − f2)
2τ1
gt2

(141)

Thus the self duality condition reduces to a simple first order differential equation

zf ′(z) = ±(f − f2). (142)

This is easily solved to give

f(z) =
1

1 + ρ2z±1
(143)

whereρ is an arbitrary constant of integration. To have the function vanish at the origin we take
the minus solution. The resulting form for the gauge field

Aµ =
−ix2

g(x2 + ρ2)
h†∂µh (144)

is the self dual instanton. The parameterρ controls the size of the configuration. Its arbitrary
value is a consequence of the conformal invariance of the classical theory. Switchingh andh†

gives a solution with the opposite winding.

6.3 Zero modes and the Dirac operator

A particularly important and intriguing aspect of the abovefield configuration is that it supports
an exact zero mode for the classical Dirac operator. We will later discuss the rigorous connection
between the gauge field winding and the zero modes of the Diracoperator. Here, however, we
will verify this connection explicitly for the above solution. Thus we look for a spinor fieldψ(x)
satisfying

γµDµψ(x) = γµ (∂µ + igAµ)ψ(x) = 0 (145)
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where we insert the gauge field from Eq. (144). The wave functionψ is a spinor in Dirac space
and a doublet inSU(2) space; i.e. it has 8 components. Similarly,γµAµ is an 8 by 8 matrix,
with a factor of four from spinor space and a factor of two fromthe internal gauge symmetry.
The solution entangles all of these indices in a non-trival manner.

Since we don’t want a singularity inψ at the origin, it is natural to look for a solution of form

ψ(x) = p(|x|)V (146)

wherep is a scalar function of the four dimensional radius andV is a constant vector in spinor
and color space. As before, it is convenient to look for the solution along the time axis. There
A0 vanishes and we have

~A =
1

g

t

t2 + ρ2
~τ (147)

Then the equation of interest reduces to

γ0
d

dt
ψ(t) = − t

t2 + ρ2
~τ · ~γ ψ(t) (148)

The 8 by 8 matrix~τ · ~γ is readily diagonalized giving the eigenvalues{−3, 1, 1, 1, 1, 1, 1, 3}.
Only the+3 eigenvalue gives a normalizable solution

ψ(t) = ψ(0) exp

(

−3
∫ t

0

t dt

t2 + ρ2

)

. (149)

For generalxµ this becomes

ψ(x) = ψ(0)

(

ρ2

x2 + ρ2

)3/2

(150)

At largex this goes atx−3 so its square is normalizable. None of the other eigenvaluesof ~τ · ~γ
go to zero fast enough for normalization; thus, the solutionis unique.

We see the appearance of a direct product of twoSU(2)’s, one from spin and one from
isospin. As we rotate around the origin, for the large eigenvalue these rotate together as an
overall singlet. The other positive eigenvalues of~τ ·~γ represent the triplet combination while the
negative eigenvalues come from from antiparticle states.

This zero eigenvalue ofD is robust under smooth deformations of the gauge field. This is
because the anti-commutation ofD with γ5 says that all non-zero eigenvalues ofD occur in
conjugate pairs. Without bringing in another eigenvalue, the isolated one at zero cannot move. In
the next subsection we will demonstrate the general result that for arbitrary smooth gauge fields
the number of zero modes of the Dirac operator is directly given by the topological winding
number.

6.4 The index theorem

We have seen that associated with a particular topologically non-trivial gauge configuration is a
zero action solution to the Dirac equation. Here we will givea simple derivation of the general
index theorem relating zero modes of the Dirac operator to the overall topology of the gauge
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field. We continue to work directly with the naive continuum Dirac operator. We assume for
this section that the gauge fields are smooth and differentiable. While this is unlikely to be true
for typical fields in the path integral, the main purpose hereis to show that robust zero modes
must already exist in the classical theory. We will later seethat the generalization of these zero
modes to the quantum theory is intimately tied to certain quantum mechanical anomalies crucial
to non-perturbative physics.

The combination of the anti-Hermitean character of the classical Dirac operatorD = γµDµ

along with its anti-commutation withγ5 shows that the non-zero eigenvalues ofD all occur in
complex conjugate pairs. In particular, if we have

D|ψ〉 = λ|ψ〉 (151)

then we immediately obtain the conjugate eigenvector from

Dγ5 |ψ〉 = −λ γ5|ψ〉. (152)

Since|ψ〉 andγ5|ψ〉 have different eigenvalues under the anti-Hermitean operatorD, they must
be orthogonal

〈ψ|γ5|ψ〉 = 0. (153)

On the other hand, any exact zero eigenmodes need not be paired. Furthermore, restricted to
the space of zero eigenmodes,γ5 andD commute and can be simultaneously diagonalized. The
eigenvalues ofγ5 are all either plus or minus unity. Combining all these ideastogether gives
a simple method to count the number of zero modes of the Dirac operator weighted by their
chirality. In particular we have the relation

ν = n+ − n− = Trγ5e
D2/Λ2

(154)

wheren± denotes the number of zero modes with eigenvalue±1 underγ5. Here the parameter
Λ is introduced to control the behavior of the trace as the eigenvalues go to infinity. It can be
thought of as a regulator, although the above equation is independent of its value.

To proceed, we first write the square of the Dirac operator appearing in the above exponential

D2 = ∂2 − g2A2 + 2igAµ∂µ + ig(∂µAµ)−
g

2
σµνFµν (155)

where[γµ, γν ] = 2iσµν . Expanding Eq. (154) for the winding number in powers of the gauge
field, the first non-vanishing term appears in the fourth power of the Dirac operator. This involves
two powers of the sigma matrices through the relation

Tr γ5σµνσρσ = 4ǫµνρσ. (156)

Thus our expression for the winding number becomes

ν = Trγ5e
D2/Λ2

=
g2

2Λ4
Trx,ce

∂2/Λ2

ǫµνρσFµνFρσ +O(Λ−6) (157)

whereTrx,c refers to the trace over space and color, the trace over the spinor index having been
done to give the factor of the antisymmetric tensor. It is thetrace over the space index that will
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give a divergent factor removing theΛ−4 prefactor. Higher order terms go to zero rapidly enough
with Λ to be ignored.

The factore∂
2/Λ2

serves to mollify traces over position space. Consider somefunctionf(x)
as representing a a diagonal matrix in position spaceM(x, x′) = f(x)δ(x − x′). The formal
trace would beTrM =

∫

dxM(x, x), but this diverges since it involves a delta function of zero.
Writing the delta function in terms of its Fourier transform

e∂
2/Λ2

δ(x− x′) =
∫

d4p

(2π)4
eip·(x−x

′)e−p
2/Λ2

=
Λ4

16π2
e−(x−x′)2Λ2/4 (158)

shows how this “heat kernel” spreads the delta function. This regulates the desired trace

Trxf(x) ≡
Λ4

16π2

∫

d4xf(x). (159)

Using this to remove the spatial trace in the above gives the well known relation

ν =
g2

32π2
Trc

∫

d4xǫµνρσFµνFρσ =
g2

16π2
Trc

∫

d4xFµν F̃µν . (160)

As discussed earlier, this integral involves a total derivative that can be partially integrated into an
integral over spatial infinity that counts the topological winding of the gauge field. Thus counting
the zero modes of the Dirac operator in a given configuration is an equivalent way to determine
this topology. The equivalence of Eq. (133) and Eq. (160) is the index theorem.

7 Chiral symmetry

Much older a tool than the lattice, ideas based on chiral symmetry have historically provided
considerable insight into how the strong interactions work. In particular, this concept is crucial to
our understanding of why the pion is so much lighter than the rho, despite them both being made
of the same quarks. Combining these ideas with the lattice has provided considerable insight
into many non-perturbative issues in QCD. Here we review thebasic ideas of chiral symmetry
for the strong interactions. A crucial aspect of this discussion is the famous anomaly and its
consequences for theη′ meson.

The classical Lagrangian for QCD couples left and right handed quark fields only through
mass terms. Thus naively the massless theory has independent conserved currents associated
with each handedness. ForNf massless flavors, this would be an independentU(Nf ) symmetry
associated with each chirality, giving what is often written in terms of axial and vector fields
as anU(Nf )V × U(Nf)A symmetry. As is well known, this full symmetry does not survive
quantization, being broken to aSU(Nf)V ×SU(Nf)A×U(1)B, where theU(1)B represents the
symmetry of baryon number conservation. The only survivingaxial symmetries of the massless
quantum theory are non-singlet under flavor symmetry.

This breaking of the classicalU(1) axial symmetry is closely tied to the possibility of intro-
ducing into massive QCD a CP violating parameter, usually called Θ. For an extensive review,
see Ref. [58]. While such a term is allowed from fundamental principles, experimentally it ap-
pears to be extremely small. This raises an unresolved puzzle for attempts to unify the strong
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interactions with the weak. Since the weak interactions do violate CP, why is there no residue of
this remaining in the strong sector below the unification scale?

One goal of this section is to provide a qualitative understanding of the role of theΘ param-
eter in meson physics. We concentrate on symmetry alone and do not attempt to rely on any
specific form for an effective Lagrangian. We build on the connection betweenΘ and a flavor-
singletZNf

symmetry that survives the anomaly. We will see that, when the lightest quarks are
made massive and degenerate, a first order transition must occur whenΘ passes throughπ. This
transition is quite generic, but can be avoided under limited conditions with one quark consider-
ably lighter than the others. This discussion should also make it clear that the sign of the quark
mass is physically relevant for an odd number of flavors. Thisis a non-perturbative effect that is
invisible to naive diagrammatic treatments.

Throughout this section we use the language of continuum field theory. Of course underlying
this we must assume some non-perturbative regulator has been imposed so that we can make
sense of various products of fields, such as the condensing combinationσ = ψψ. For a mo-
mentum space cutoff, assume that it is much larger thanΛQCD. Correspondingly, for a lattice
cutoff imagine that the lattice spacing is much smaller than1/ΛQCD. In this section we ignore
any lattice artifacts that should vanish in the continuum limit. We will return to such issues later
when we discuss lattice fermions.

7.1 Effective potentials

We begin with an elementary review of the concept of effective potentials in quantum field theory.
In generic continuum field theory language, consider the path integral for a scalar field

Z =

∫

dφe−S(φ). (161)

After adding in some external sources

Z(J) =

∫

dφe−S(φ)+Jφ, (162)

general correlation functions can be found by differentiating with respect toJ . Here we use
a shorthand notation that suppresses the space dependence;i.e. Jφ =

∫

dxJ(x)φ(x) in the
continuum, orJφ =

∑

i Jiφi on the lattice.
One can think ofJ as an external force pulling on the field. Such a force will tend to drive

the the field to have an expectation value

〈φ〉J = −∂F
∂J

(163)

where the free energy in the presence of the source is defined asF (J) = − log(Z(J)).
Now imagine inverting Eq. (163) to determine what value of the forceJ would be needed to

give some desired expectation valueΦ; i.e. we want solve

Φ(J) = 〈φ〉J(Φ) = −
∂F

∂J
(164)

for J(Φ). In terms of this formal solution, construct the “Legendre transform”

V (Φ) = F (J(Φ)) + ΦJ(Φ) (165)
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and look at

∂V

∂Φ
= −Φ∂J

∂Φ
+ J +Φ

∂J

∂Φ
= J. (166)

If we now turn off the sources, this derivative vanishes. Thus the expectation value of the field
in the absence of sources occurs at an extremum ofV (Φ). This quantityV is referred to as the
“effective potential.”

An interesting formal property of this construction follows from looking at the second deriva-
tive of V

∂2V

∂Φ2
=
∂J

∂Φ
(167)

Actually, it is easier to look at the inverse

∂Φ

∂J
= −∂

2F

∂J2
= 〈φ2〉 − 〈φ〉2 = 〈(φ − 〈φ〉)2〉 ≥ 0. (168)

Thus this second derivative is never negative! This first of all shows we are actually looking for a
minimum and not a maximum ofV , but it also implies thatV (Φ) can only have ONE minimum!

This convexity property is usually ignored in conventionaldiscussions, where phase transi-
tions are signaled by jumps between distinct minima of the potential.. So what is going on? Are
phase transitions impossible? Physically, the more you pull on the field, the larger the expecta-
tion ofΦ will become. It won’t go back. The proper interpretation is that we must do Maxwell’s
construction. If we force the expectation ofφ to lie between two distinct stable phases, the sys-
tem will phase separate into a heterogeneous mixture. In this region the effective potential is
flat. Note that there is no large volume limit required in the above discussion. However other
definitions ofV can allow a small barrier at finite volume due to surface tension effects. A mixed
phase must contain interfaces, and their energy representsa small barrier.

7.2 Goldstone Bosons

Now we turn to a brief discussion on some formal aspects of Goldstone Bosons. Suppose we
have a field theory containing a conserved current

∂µjµ = 0 (169)

so the corresponding chargeQ =
∫

d3xj0(x) is a constant

dQ

dt
= −i[H,Q] = 0. (170)

HereH is the Hamiltonian for the system under consideration. Suppose, however, that for some
reason the vacuum is not a singlet under this charge

Q|0〉 6= 0 (171)

Then there must exist a massless particle in the theory. Consider the state

exp(iθ

∫

d3xj0(x)e
−ǫx2

)|0〉 (172)
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whereǫ is a convenient cutoff andθ some parameter. As epsilon goes to zero this state by
assumption is not the vacuum, but since the Hamiltonian commutes withQ, the expectation
value of the Hamiltonian goes to zero (normalize so the ground state energy is zero). We can
thus find a state that is not the vacuum but with arbitrarily small energy. The theory has no mass
gap. This situation of having a symmetry under which the vacuum is not invariant is referred to
as “spontaneous symmetry breaking.” The low energy states represent massless particles called
Goldstone bosons [59].

Free massless field theory is a marvelous example where everything can be worked out. The
massless equation of motion

∂µ∂µφ = 0 (173)

can be written in the form

∂µjµ = 0 (174)

where

jµ = ∂µφ. (175)

The broken symmetry is the invariance of the LagrangianL =
∫

d4x(∂µφ)
2/2 under constant

shifts of the field

φ→ φ+ c. (176)

Note thatj0 = ∂0φ = π is the conjugate variable toφ. Since it is a free theory, one could work
out explicitly

〈0| exp(iθ
∫

d3xj0(x)e
−ǫx2/2)|0〉. (177)

We can, however, save ourselves the work using dimensional analysis. The fieldφ has dimen-
sions of inverse length, whilej0 goes as inverse length squared. Thusθ above has units of
inverse length. These are the same dimensions asǫ2. Now for a free theory, by Wick’s theorem,
the answer must be Gaussian inθ. We conclude that the above overlap must go as

exp(−Cθ2/ǫ4) (178)

whereC is some non-vanishing dimensionless number. This expression rapidly goes to zero as
epsilon becomes small, showing that the vacuum is indeed notinvariant under the symmetry.
In the limit of ǫ going to zero, we obtain a new vacuum that is not even in the same Hilbert
space. The overlap of this new state with any local polynomial of fields on the original vacuum
vanishes.

7.3 Pions and spontaneous symmetry breaking

We now extend the effective potential to a function of several relevant meson fields in QCD.
Intuitively, V represents the energy of the lowest state for a given field expectation, as discussed
more formally earlier via a Legendre transformation. Here we will ignore the result that effec-
tive potentials must be convex functions of their arguments. As discussed, this issue is easily
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σ

V(  )σ

Fig. 5. Spontaneous chiral symmetry breaking is represented by a double well effective potential with
the vacuum settling into one of two possible minima. In this minimum chiral symmetry is broken by the
selection of a specific value for the quark condensate.

understood in terms of a Maxwell construction involving thephase separation that will occur if
one asks for a field expectation in what would otherwise be a concave region. Thus we will use
the traditional language of spontaneous symmetry breakingcorresponding to having an effective
potential with more than one minimum. When the underlying theory possesses some symmetry
but the individual minima do not, spontaneous breaking comes about when the vacuum selects
one of the minima arbitrarily. The discussion here closely follows that in Ref. [60].

We work here with the composite scalar and pseudoscalar fields

σ ∼ ψψ
πα ∼ iψλαγ5ψ
η′ ∼ iψγ5ψ

(179)

Here theλα are the structure constants for the flavor groupSU(Nf). They are generalizations
of the usual Gell-Mann matrices fromSU(3); however, now we are concerned with the flavor
group, not the internal symmetry group related to confinement. As mentioned earlier, we must
assume that some sort of regulator, perhaps a lattice, is in place to define these products of fields
at the same point. Indeed, most of the quantities mentioned in this section are formally divergent,
although we will concentrate on those aspects that survive the continuum limit.

To simplify the discussion, consider degenerate quarks with a small common massm. Later
we will work out in some detail the two flavor case for non-degenerate quarks. It is also conve-
nient to initially restrictNf to be even, saving for later some interesting subtleties arising with
an odd number of flavors. And we assumeNf is small enough to maintain asymptotic freedom
as well as avoiding any possible conformal phases.

The conventional picture of spontaneous chiral symmetry breaking in the limit of massless
quarks assumes that the vacuum acquires a quark condensate with

〈ψψ〉 = 〈σ〉 = v 6= 0. (180)

In terms of the effective potential,V (σ) should acquire a double well structure, as sketched in
Fig. 5. The symmetry underσ ↔ −σ is associated with the invariance of the action under a
flavored chiral rotation. For example, with two flavors the change of variables

ψ → eiπτ3γ5/2ψ = iτ3γ5ψ
ψ → ψeiπτ3γ5/2 = ψ iτ3γ5

(181)
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V

π

σ

Fig. 6. The flavor non-singlet pseudoscalar mesons are Goldstone bosons corresponding to flat directions
in the effective potential.

leaves the massless action invariant but takesσ to its negative. Hereτ3 is the conventional Pauli
matrix corresponding to the third component of isospin.

Extending the effective potential to a function of the non-singlet pseudoscalar fields gives
the standard picture of Goldstone bosons. These are massless when the quark mass vanishes,
corresponding toN2

f − 1 “flat” directions for the potential. One such direction is sketched
schematically in Fig. 6. For the two flavor case, these rotations represent a symmetry mixing the
sigma field with the pions

σ → σ cos(φ) + πα sin(φ)
πα → −σ sin(φ) + πα cos(φ).

(182)

In some sense the pions are waves propagating through the non-vanishing sigma condensate. The
oscillations of these waves occur in a direction “transverse” to the sigma expectation. They are
massless because there is no restoring force in that direction.

If we now introduce a small mass for the quarks, this will effectively tilt the potentialV (σ)→
V (σ)−mσ. This selects one minimum as the true vacuum. The tilting of the potential breaks the
global symmetry and gives the Goldstone bosons a small mass proportional to the square root of
the quark mass, as sketched in Fig. 7. The standard chiral Lagrangean approach is a simultaneous
expansion in the masses and momenta of these light particles.

As discussed earlier, Goldstone bosons are associated withconserved currents with charges
that do not leave the vacuum invariant. In the present case these are the axial currents formally
given by the quark bilinears

Aαµ = ψλαγµγ5ψ. (183)

Combined with the vector fields

V αµ = ψλαγµψ, (184)

these give rise to the famous algebra of currents. Indeed, itwas this algebra that motivated
Bjorken to propose the idea of scaling in deep inelastic lepton scattering [61,62].
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Fig. 7. A small quark mass term tilts the effective potential, selecting one direction for the true vacuum and
giving the Goldstone bosons a mass proportional to the square root of the quark mass.

8 The chiral anomaly

This picture is, of course, completely standard. It is also common lore that the anomaly prevents
the η′ from being a Goldstone boson and leaves it with a mass of orderΛQCD, even in the
massless quark limit. The issue is that the effective potential V must not be symmetric under an
anomalous rotation betweenη′ andσ

σ → σ cos(φ) + η′ sin(φ)
η′ → −σ sin(φ) + η′ cos(φ).

(185)

In the next subsection we discuss how this symmetry disappears and its connection to the zero
modes of the Dirac operator.

If we consider the effective potential as a function of the fields σ andη′, it should have a
minimum atσ ∼ v andη′ ∼ 0. Expanding about that point we expect a qualitative form

V (σ, η′) ∼ m2
σ(σ − v)2 +m2

η′η
′2 +O((σ − v)3, η′4). (186)

We expect bothmσ andmη′ to remain of orderΛQCD, even in the chiral limit. And, at least with
an even number of flavors as we are currently considering, there should be a second minimum
with σ ∼ −v.

At this point one can ask whether we know anything else about the effective potential in the
(σ, η′) plane. We will shortly see that indeed we do, and the potential has a total ofNf equivalent
minima in the chiral limit. But first we review how the above minima arise in quark language.

8.1 What broke the symmetry?

The classical QCD Lagrangian has a symmetry under a rotationof the underlying quark fields

ψ → eiφγ5/2ψ
ψ → ψeiφγ5/2

(187)
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This corresponds directly to the transformation of the composite fields given in Eq. 185. This
symmetry is “anomalous” in that any regulator must break it with a remnant surviving in the
continuum limit [63–65].

The specifics of how the anomaly works depend on the details ofthe regulator. Here we will
follow Fujikawa [66] and consider the fermionic measure in the path integral. If we make the
above rotation on the fieldψ, the measure changes by the determinant of the rotation matrix

dψ → |e−iφγ5/2|dψ = e−iφTrγ5/2dψ. (188)

Here is where the subtlety of the regulator comes in. Naivelyγ5 is a simple four by four traceless
matrix. If it is indeed traceless, then the measure would be invariant. However, in the regulated
theory this is not the case. This is intimately tied with the index theorem for the Dirac operator
in topologically non-trivial gauge fields.

A typical Dirac action takes the formψ(D + m)ψ with the kinetic termD a function of
the gauge fields. In the naive continuum theoryD is anti-Hermitian,D† = −D, and anti-
commutes withγ5, i.e. [D, γ5]+ = 0. What complicates the issue with fermions is the index
theorem discussed earlier and reviewed in Ref. [67]. If a background gauge field has windingν,
then there must be at leastν exact zero eigenvalues ofD. Furthermore, on the space spanned
by the corresponding eigenvectors,γ5 can be simultaneously diagonalized withD. The net
winding number equals the number of positive eigenvalues ofγ5 minus the number of negative
eigenvalues. In this subspace the trace ofγ5 does not vanish, but equalsν.

What about the higher eigenvalues ofD? We discussed these earlier when we formulated
the index theorem. Because[D, γ5]+ = 0, non-vanishing eigenvalues appear in opposite sign
pairs; i.e. ifD|ψ〉 = λ|ψ〉 thenDγ5|ψ〉 = −λγ5|ψ〉. For an anti-HermiteanD, these modes are
orthogonal with〈ψ|γ5|ψ〉 = 0. As a consequence,γ5 is traceless on the subspace spanned by
each pair of eigenvectors.

So what happened to the opposite chirality states to the zeromodes? In a regulated theory
they are in some sense “above the cutoff.” In a simple continuum discussion they have been
“lost at infinity.” With a lattice regulator there is no “infinity”; so, something more subtle must
happen. With the overlap [68, 69] or Wilson [10] fermions, discussed in more detail later, one
gives up the anti-Hermitean character ofD. Most eigenvalues still occur in conjugate pairs
and do not contribute to the trace ofγ5. However, in addition to the small real eigenvalues
representing the zero modes, there are additional modes where the eigenvalues are also real
but large. With Wilson fermions these appear as massive doubler states. With the overlap, the
eigenvalues are constrained to lie on a circle. In this case,for every exact zero mode there is
another mode with the opposite chirality lying on the opposite side of the circle. These modes
are effectively massive and break chiral symmetry. The necessary involvement of both small and
large eigenvalues warns of the implicit danger in attempts to separate infrared from ultraviolet
effects. When the anomaly is concerned, going to short distances is not sufficient for ignoring
non-perturbative effects related to topology.

So with the regulator in place, the trace ofγ5 does not vanish on gauge configurations of non-
trivial topology. The change of variables indicated in Eq. 188 introduces into the path integral a
modification of the weighting by a factor

e−iφTrγ5 = e−iφNfν . (189)
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Fig. 8. We have two minima in theσ, η′ plane located atσ = ±v andη′ = 0. The circles represent that the
fields will fluctuate in a small region about these minima. Canwe find any other minima?

Here we have applied the rotation to all flavors equally, thusthe factor ofNf in the exponent.
The conclusion is that gauge configurations that have non-trivial topology receive a complex
weight after the anomalous rotation. Although not the topicof discussion here, note that this
factor introduces a sign problem if one wishes to study this physics via Monte Carlo simulations.
Here we treat allNf flavors equivalently; this corresponds to dividing the conventionally defined
CP violation angle, to be discussed later, equally among theflavors, i.e. effectivelyφ = Θ/Nf .

8.2 A discrete chiral symmetry

We now return to the effective Lagrangian language of before. For the massless theory, the
symmetry underσ ↔ −σ indicates that we expect at least two minima for the effective potential
considered in theσ, η′ plane. These are located as sketched in Fig. 8. Do we know anything
about the potential elsewhere in this plane? The answer is yes, indeed there are actuallyNf
equivalent minima.

It is convenient to separate the left- and right-hand parts of the fermion field

ψL,R =
1

2
(1± γ5)ψ

ψL,R = ψ
1

2
(1∓ γ5). (190)

The mass term is thus

mψψ = m(ψLψR + ψRψL) (191)

and mixes the left and right components.
Using this notation, due to the anomaly the singlet rotation

ψL → eiφψL (192)
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Fig. 9. For four massless flavors we have four equivalent minima in theσ, η′ plane. This generalizes toNf

minima withNf flavors.

is not a valid symmetry of the theory for generic values of theangleφ. On the other hand,
flavored chiral symmetries should survive, and in particular

ψL → gLψL = eiφαλαψL (193)

is expected to be a valid symmetry for any set of anglesφα. The point of this subsection is that,
for special special discrete values of the angles, the rotations in Eq. 192 and Eq. 193 can coincide.
At such values the singlet rotation becomes a valid symmetry. In particular, note that

g = e2πiφ/Nf ∈ ZNf
⊂ SU(Nf ). (194)

Thus a valid discrete symmetry involving onlyσ andη′ is

σ → σ cos(2π/Nf) + η′ sin(2π/Nf )
η′ → −σ sin(2π/Nf ) + η′ cos(2π/Nf ).

(195)

The potentialV (σ, η′) has aZNf
symmetry manifested inNf equivalent minima in the(σ, η′)

plane. For four flavors this structure is sketched in Fig. 9.
This discrete flavor singlet symmetry arises from the trivial fact thatZN is a subgroup of both

SU(N) andU(1). At the quark level the symmetry is easily understood since the quark measure
receives an additional phase proportional to the winding number from every flavor. WithNF
flavors, these multiply together making

ψL → e2πi/NfψL (196)

a valid symmetry even though rotations by smaller angles arenot.
The role of theZN center ofSU(N) is illustrated graphically in Fig. 10, taken from Ref. [25].

Here we plot the real and the imaginary parts of the traces of 10,000SU(3) matrices drawn
randomly with the invariant group measure. The region of support only touches theU(1) circle
at the elements of the center. All elements lie on or within the curve mapped out by elements of
form exp(iφλ8). Fig. 11 is a similar plot for the groupSU(4).
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Fig. 10. The real and imaginary parts for the traces of 10,000randomly chosenSU(3) matrices. All points
lie within the boundary representing matrices of the formexp(iφλ8). The tips of the three points represent
the center of the group. The outer curve represents the boundary that would be found if the group was the
full U(1). Taken from Ref. [25].
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Fig. 11. The generalization of Fig. 10 toSU(4). The real and imaginary parts for the traces of 10,000
randomly chosenSU(4) matrices. Taken from Ref. [25].
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8.3 The ’t Hooft vertex

The consequences of non-trivial gauge topology and the connections to the anomaly are often
described in terms of an effective multi fermion interaction referred to as the “ ‘t Hooft vertex.”
To understand the ’t Hooft interaction in path integral language, we begin with a reminder of
the underlying strategy of lattice simulations. Consider the generic path integral, or “partition
function,” for quarks and gluons

Z =

∫

(dA)(dψ dψ) exp
(

−Sg(A)− ψD(A)ψ
)

. (197)

HereA denotes the gauge fields andψ, ψ the quark fields. The pure gauge part of the action is
Sg(A) and the matrix describing the fermion part of the action isD(A). Since direct numeri-
cal evaluation of the fermionic integrals appears to be impractical, the Grassmann integrals are
conventionally evaluated analytically, reducing the partition function to

Z =

∫

(dA) e−Sg(A) |D(A)|. (198)

Here|D(A)| denotes the determinant of the Dirac matrix evaluated in thegiven gauge field. Thus
motivated, the basic lattice approach is to generate a set ofrandom gauge configurations weighted
by exp(−Sg(A)) |D(A)|. Given an ensemble of such configurations, one then estimates physical
observables by averages over this ensemble.

This procedure seems innocent enough, but it can run into trouble when one has massless
fermions and corresponding zero modes associated with topology. To see the issue, write the
determinant as a product of the eigenvaluesλi of the matrixD. In generalD may not be a
normal matrix; so, one should pick either left or right eigenvectors at one’s discretion. This is a
technical detail that will not play any further role here. Inorder to control infrared issues with
massless quarks, introduce a small explicit massm and reduce the path integral to

Z =

∫

(dA) e−Sg(A)
∏

(λi +m). (199)

Now suppose we have a configuration where one of the eigenvalues ofD(A) vanishes,i.e.
assume that someλi = 0. This, of course, is what happens with non-trivial topologypresent.
As we take the mass to zero, any configurations involving suchan eigenvalue will drop out
of the ensemble. At first one might suspect this would be a set of measure zero in the space
of all possible gauge fields. However, as discussed above, the index theorem ties gauge field
topology to such zero modes. In general these modes are robust under small deformations of the
fields. Under the traditional lattice strategy the corresponding configurations would then have
zero weight in the massless limit. The naive conclusion is that such configurations are irrelevant
to physics in the chiral limit.

It was this reasoning that ’t Hooft showed to be incorrect. Indeed, he demonstrated that it
is natural for some observables to have1/m factors when zero modes are present. These can
cancel the terms linear inm from the determinant, leaving a finite contribution.

As a simple example, consider the quark condensate in one flavor QCD

〈ψψ〉 = 1

V Z

∫

(dA) e−Sg |D| TrD−1. (200)
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HereV represents the system volume, inserted to give an intensivequantity. Expressing the
fermionic factors in terms of the eigenvalues ofD reduces this to

〈ψψ〉 = 1

V Z

∫

(dA) e−Sg

∏

(λi +m)
∑

i

1

λi +m
. (201)

Now if there is a mode withλi = 0, the factor ofm is canceled by a1/m piece in the trace of
D−1. Configurations containing a zero mode give a constant contribution to the condensate and
this contribution survives in the massless limit. Note thatthis effect is unrelated to spontaneous
breaking of chiral symmetry and appears even with finite volume.

This contribution to the condensate is special to the one-flavor theory. Because of the anomaly,
this quark condensate is not an order parameter for any symmetry. With more fermion species
there will be additional factors ofm from the determinant. Then the effect of the ’t Hooft vertex
is of higher order in the fermion fields and does not appear directly in the condensate. For two
or more flavors the standard Banks-Casher picture [70] of an eigenvalue accumulation leading to
the spontaneous breaking of chiral symmetry should apply.

The conventional discussion of the ’t Hooft vertex starts byinserting fermionic sources into
the path integral

Z(η, η) =

∫

(dA) (dψ) (dψ) e−Sg−ψ(D+m)ψ+ψη+ηψ. (202)

Differentiation, in the Grasmannian sense, with respect tothese sources will generate the expec-
tation for an arbitrary product of fermionic operators. Integrating out the fermions reduces this
to

Z =

∫

(dA) e−Sg+η(D+m)−1η
∏

(λi +m). (203)

Consider a zero modeψ0 satisfyingDψ0 = 0. In general there is also a left zero mode satisfying
ψ0D = 0. If the sources have an overlap with the mode, that is(η|ψ0) 6= 0, then a factor of
1/m in the source term can cancel them from the determinant. Although non-trivial topological
configurations do not contribute toZ, their effects can survive in correlation functions. For the
one-flavor theory the effective interaction is bilinear in the fermion sources and is proportional
to

(η|ψ0)(ψ0|η). (204)

As discussed earlier, the index theorem tells us that in general the zero mode is chiral; it appears
in eitherηLηR or ηRηL, depending on the sign of the gauge field winding.

With Nf ≥ 2 flavors, the cancellation of the mass factors in the determinant requires source
factors from each flavor. This combination is the ’t Hooft vertex. It is an effective2Nf fermion
operator. In the process, every flavor flips its spin, as sketched in Fig. 12. Indeed, this is the
chiral anomaly; left and right helicities are not separately conserved.

Because of Pauli statistics, the multi-flavor vertex can be written in the form of a determinant.
This clarifies how the vertex preserves flavored chiral symmetries. With two flavors, call their
sourcesu andd, Eq. 204 generalizes to

∣

∣

∣

∣

(u|ψ0)(ψ0|u) (u|ψ0)(ψ0|d)
(d|ψ0)(ψ0|u) (d|ψ0)(ψ0|d)

∣

∣

∣

∣

. (205)
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Fig. 12. The ’t Hooft vertex forNf flavors is a2Nf effective fermion operator that flips the spin of every
flavor.

Note that the effect of the vertex is non-local. In general the zero modeψ0 is spread out
over the finite region of the “instanton”,i.e. the size parameterρ from the explicit solution given
earlier. This means there is an inherent position space uncertainty on where the fermions are
interacting. A particular consequence is that fermion conservation is only a global symmetry. In
Minkowski space language, this non-locality can be thoughtof in terms of states sliding in and
out of the Dirac sea at different locations.

8.4 Fermions in higher representations

When the quarks are massless, the classical field theory corresponding to the strong interactions
has aU(1) axial symmetry under the transformation

ψ → eiθγ5ψ ψ → ψeiθγ5 . (206)

It is the ’t Hooft vertex that explains how this symmetry doesnot survive quantization. In this
subsection we discuss how when the quarks are in non-fundamental representations of the gauge
group, discrete subgroups of this symmetry can remain because of additional zeros in the Dirac
operator.

While these considerations do not apply to the usual theory of the strong interactions where
the quarks are in the fundamental representation, there areseveral reasons to study them any-
way. At higher energies, perhaps as being probed at the LargeHadron Collider, one might well
discover new strong interactions that play a substantial role in the spontaneous breaking of the
electroweak theory. Also, many grand unified theories involve fermions in non-fundamental
representations. As one example, we will see that massless fermions in the 10 representation
of SU(5) possess aZ3 discrete chiral symmetry. Similarly the left handed 16 covering repre-
sentation ofSO(10) gives a chiral gauge theory with a surviving discreteZ2 chiral symmetry.
Understanding these symmetries may eventually play a role in an eventual discretization of chiral
gauge theories on the lattice.
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Here we are generalizing the index theorem relating gauge field topology to zero modes
of the Dirac operator. In particular, fermions in higher representations can involve in multiple
zero modes for a given winding. Being generic, consider representationX of a gauge groupG.
Denote byNX the number of zero modes that are required per unit of windingnumber in the
gauge fields. That is, suppose the index theorem generalizesto

nr − nl = NXν (207)

wherenr andnl are the number of right and left handed zero modes, respectively, andν is the
winding number of the associated gauge field. The basic ’t Hooft vertex receives contributions
from each zero mode, resulting in an effective operator which is a product of2NX fermion fields.
Schematically, the vertex is modified along the linesψLψR −→ (ψLψR)

NX . While this form
still breaks theU(1) axial symmetry, it is invariant underψR → e2πi/NXψR. In other words,
there is aZNX

discrete axial symmetry.
There are a variety of convenient tools for determiningNX . Consider building up repre-

sentations from lower ones. Take two representationsX1 andX2 and form the direct product
representationX1 ⊗X2. Let the matrix dimensions forX1 andX2 beD1 andD2, respectively.
Then for the product representation we have

NX1⊗X2
= NX1

DX2
+NX2

DX1
. (208)

To see this, start withX1 andX2 representing two independent groupsG1 andG2. With G1

having winding, there will be a zero mode for each of the dimensions of the matrix index associ-
ated withX2. Similarly there will be multiple modes for winding inG2. These modes are robust
and all should remain if we now constrain the groups to be the same.

As a first example, denote the fundamental representation ofSU(N) asF and the adjoint
representation asA. Then usingF ⊗ F = A⊕ 1 in the above givesNA = 2NF , as noted some
time ago [71]. WithSU(3), fermions in the adjoint representation will have six-folddegenerate
zero modes.

For another example, considerSU(2) and build up towards arbitrary spins ∈ {0, 12 , 1, 32 , . . .}.
Recursing the above relation gives the result for arbitraryspin

Ns = s(2s+ 1)(2s+ 2)/3. (209)

Another technique for findingNX in more complicated groups begins by rotating all topo-
logical structure into anSU(2) subgroup and then counting the correspondingSU(2) represen-
tations making up the larger representation of the whole group. An example to illustrate this
procedure is the antisymmetric two indexed representationof SU(N). This representation has
been extensively used in [72–75] for an alternative approach to the large gauge group limit. The
basicN(N − 1)/2 fermion fields take the form

ψab = −ψba, a, b ∈ 1, 2, ...N. (210)

Consider rotating all topology into theSU(2) subgroup involving the first two indices, i.e. 1 and
2. Because of the anti-symmetrization, the fieldψ12 is a singlet in this subgroup. The field pairs
(ψ1,j , ψ2,j) form a doublet for eachj ≥ 3. Finally, the(N − 2)(N − 3)/2 remaining fields
do not transform under this subgroup and are singlets. Overall we haveN − 2 doublets under
theSU(2) subgroup, each of which gives one zero mode per winding number. We conclude
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that the ’t Hooft vertex leaves behind aZN−2 discrete chiral symmetry. Specializing to the 10
representation ofSU(5), this is theZ3 mentioned earlier.

Another example is the groupSO(10) with fermions in the 16 dimensional covering group.
This forms the basis of a rather interesting grand unified theory, where one generation of fermions
is placed into a single left handed 16 multiplet [76]. This representation includes two quark
species interacting with theSU(3) subgroup of the strong interactions, Rotating a topological
excitation into this subgroup, we see that the effective vertex will be a four fermion operator and
preserve aZ2 discrete chiral symmetry.

It is unclear whether these discrete symmetries are expected to be spontaneously broken.
Since they are discrete, such breaking is not associated with Goldstone bosons. But the quark
condensate does provide an order parameter; so, whenNX > 1, any such breaking would be
conceptually meaningful. This could be checked in numerical simulations.

9 Massive quarks and the Theta parameter

As discussed earlier and illustrated in Fig. 9, a quark mass term−mψψ ∼ −mσ is represented by
a “tilting” of the effective potential. This selects one of the multiple minima in theσ, η′ plane as
the true vacuum. For masses small compared to the scale of QCD, the other minima will persist as
extrema, although due to the flat flavor non-singlet directions, some of them will become unstable
under small fluctuations. Counting the minima sequentiallywith the true vacuum havingn = 0,
each is associated with small excitations in the pseudo-Goldstone directions having an effective
mass ofm2

π ∼ m cos(2πn/Nf ). Note that whenNf exceeds four, there will be more than one
meta-stable state. However, in the usual case of considering two or three quarks as light, only
one minimum remains locally stable.

9.1 Twisted tilting

Conventionally the mass tilts the potential downward in thepositiveσ direction. However, it is
an interesting exercise to consider tilts in other directions in theσ, η′ plane. This is accomplished
with an anomalous rotation on the mass term

−mψψ → −m cos(φ)ψψ − im sin(φ)ψγ5ψ
∼ −m cos(φ)σ +m sin(φ)η′. (211)

Were it not for the anomaly, this would just be a redefinition of fields. However the same effect
that gives theη′ its mass indicates that this new form for the mass term gives an inequivalent
theory. Asiψγ5ψ is odd under CP, this theory is explicitly CP violating.

The conventional notation for this effect involves the angleΘ = Nfφ. Then theZNf
sym-

metry amounts to a2π periodicity inΘ. As Fig. 13 indicates, at special values of the twisting
angleφ, there will exist two degenerate minima. This occurs, for example, atφ = π/Nf or
Θ = π. As the twisting increases through this point, there will bea first order transition as the
true vacuum jumps from the vicinity of one minimum to the next.

Because of theZNf
symmetry of the massless theory, all theNf separate minima are phys-

ically equivalent. This means that if we apply our mass term in the direction of any of them,
we obtain the same theory. In particular, for four flavors theusual mass termmψψ is equivalent
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Fig. 13. With massive quarks and a twisting angle ofφ = π/Nf , two of the minima in theσ, η′ plane
become degenerate. This corresponds to a first order transition atΘ = π.

to using the alternative mass termimψγ5ψ. This result, however, is true if and only ifNf is a
multiple of four.

9.2 OddNf

One interesting consequence of this picture concerns QCD with an odd number of flavors. The
groupSU(Nf) with oddNf does not include the element−1. In particular, theZNf

structure is
not symmetric under reflections about theη′ axis. Fig. 14 sketches the situation forSU(3). One
immediate conclusion is that positive and negative mass arenot equivalent. Indeed, a negative
mass with three degenerate flavors corresponds to theΘ = π case and a spontaneous breaking
of CP is expected. In this case there is no symmetry under takingσ ∼ ψψ to its negative. The
simple picture sketched in Fig. 5 no longer applies.

At Θ = π the theory lies on top of a first order phase transition line. Asimple order parameter
for this transition is the expectation value for theη′ field. As this field is odd under CP symmetry,
this shows that negative mass QCD with an odd number of flavorsspontaneously breaks CP.6 This
does not contradict the Vafa-Witten theorem [77] because inthis regime the fermion determinant
is not positive definite.

Note that the asymmetry in the sign of the quark mass is not easily seen in perturbation
theory. Any quark loop in a perturbative diagram can have thesign of the quark mass flipped
by a γ5 transformation. It is only through the subtleties of regulating the divergent triangle
diagram [63–65] that the sign of the mass enters.

A remarkable conclusion of these observations is that two physically distinct theories can
have identical perturbative expansions. For example, withflavorSU(3) the negative mass theory
has spontaneousCP violation, while the positive mass theory does not. Yet bothcases have

6Dashen’s original paper [18] speculates that this might be related to the parity breaking seen in nature. This presum-
ably requires a new “beyond the standard model” interactionrather than QCD.
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Fig. 14. For oddNf , such as the three flavor case sketched here, QCD is not symmetric under changing the
sign of the quark mass. Negative mass corresponds to takingΘ = π.

exactly the same perturbation theory. This dramatically demonstrates what we already knew:
non-perturbative effects are essential to understanding QCD.

A special case of an odd number of flavors is one-flavor QCD [78]. In this case the anomaly
removes all chiral symmetry and there is a unique minimum in theσ, η′ plane, as sketched in
Fig. 15. This minimum does not occur at the origin, being shifted to〈ψψ〉 > 0 by the ’t Hooft
vertex, which for one flavor is just an additive mass shift [79]. Unlike the case with more flavors,
the resulting expectation value forσ is not from a spontaneous symmetry breaking; indeed, there
is no chiral symmetry to break in one flavor QCD. Any regulatorthat preserves a remnant of
chiral symmetry must inevitably fail [27]. Note also that for one-flavor QCD there is no longer
the necessity of a first order phase transition atΘ = π. It has been argued [78] that for finite
quark mass such a transition should still occur if the mass issufficiently negative, but the region
around vanishing mass is not expected to show any singularity.

An unusual feature of one-flavor QCD is that the renormalization of the quark mass is not
multiplicative when non-perturbative effects are taken into account. The additive mass shift is
generally scheme dependent since the details of the instanton effects depend on scale. This is
the basic reason that a massless up quark is not a possible solution to the strong CP problem
[26]. Later we will discuss this in more detail in the contextof the two flavor theory with non-
degenerate masses.

Because of this shift in the mass, the conventional parametersΘ andm are singular coor-
dinates for the one-flavor theory. A cleaner set of variableswould be the coefficients of the
two possible mass termsψψ and iψγ5ψ appearing in the Lagrangian. The ambiguity in the
quark mass is tied to rough gauge configurations with ambiguous winding number. This applies
even to the formally elegant overlap operator that we will discuss later; when rough gauge fields
are present, the existence of a zero mode can depend on the detailed fermion operator in use.
Smoothness conditions imposed on the gauge fields to remove this ambiguity appear to conflict
with fundamental principles, such as reflection positivity[80].
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Fig. 15. The effective potential for one-flavor QCD with small quark mass has a unique minimum in the
σ, η′ plane. The minimum is shifted from zero due to the effect of the ’t Hooft vertex.

TheZNf
symmetry discussed here is a property of the fermion determinant and is indepen-

dent of the gauge field dynamics. In Monte Carlo simulation language, this symmetry appears
configuration by configuration. WithNf flavors, we always have|D| = |e2πi/NfD| for any
gauge field. This discrete chiral symmetry is inherently discontinuous inNf . This non-continuity
lies at the heart of the issues with the rooted staggered quark approximation. We will return to
this topic in a later section.

9.3 Quark scattering and mass mixing

So far we have worked with degenerate quarks. In general eachspecies introduces another com-
plex mass parameter. Using flavored chiral rotations we can move the phases of the masses
around arbitrarily, leaving only one overall phase, the Theta parameter. Thus once the overall
scale has been set, QCD depends onNf + 1 parameters.

Here we explore the rich phase diagram of two flavor QCD as a function of the most general
quark masses, including theΘ parameter. This section closely follows the discussion in Ref. [81].
This theory involves three independent parameters. One is CP violating; its strong experimental
limit is the strong CP problem. Here we will characterize theparameters by distinguishing their
transformations under various symmetries. As we define them, the resulting variables are each
multiplicatively renormalized. However non-perturbative effects are not universal, leaving indi-
vidual quark mass ratios with a renormalization scheme dependence. This exposes ambiguities
in matching lattice results with perturbative schemes and the tautology involved in approaches
that attack the strong CP problem via a vanishing mass for thelightest quark.

Before turning on the masses, we reemphasize the qualitative properties expected in massless
two-flavor QCD. Of course, being an interacting quantum fieldtheory, nothing has been proven
rigorously. While the classical theory is conformally invariant, as discussed earlier, confinement
and dimensional transmutation generate a non-trivial massscale. The theory should, of course,
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Fig. 16. Both pion and eta-prime exchange contribute to spinflip scattering between up and down quarks.
Figure from Ref. [81].

contain massive stable nucleons. On the other hand, spontaneous chiral symmetry breaking
should give rise to three massless pions as Goldstone bosons. Bound states of glue in general
will acquire a width due to decays into pions. In addition, the two flavor analog of the eta-prime
meson should acquire its mass from the anomaly.

In this standard picture, the eta-prime and neutral pion involve distinct combinations of
quark-antiquark bound states. In the simple quark model theneutral pseudoscalars involve the
combinations

π0 ∼ uγ5u− dγ5d
η′ ∼ uγ5u+ dγ5d+ glue. (212)

Here we include a gluonic contribution from mixing between theη′ and glueball states. When
the quarks are degenerate, isospin forbids such mixing for the pion.

Projecting out helicity states for the quarksqL,R = (1± γ5)q/2, the pseudoscalars are com-
binations of left with right handed fermions,i.e. qLqR − qRqL. Thus, as shown schematically in
Fig. 16, meson exchange will contribute to a a spin flip process in a hypothetical quark scatter-
ing experiment. More precisely, the four point function〈uRuLdRdL〉 is not expected to vanish.
Scalar meson exchange will also contribute to this process,but this is not important for the qual-
itative argument below. Of course we must assume that some sort of gauge fixing has been done
to eliminate a trivial vanishing of this function from an integral over gauges. We also consider
this four point function at a scale before confinement sets in.

It is important that theπ0 andη′ are not degenerate. This is due to the anomaly and the fact
that theη′ is not a Goldstone boson. As we discussed earlier, theπ0-η′ mass difference can be
ascribed to topological structures in the gauge field. Because the mesons are not degenerate, their
contributions to the above diagram cannot cancel. The conclusion of this simple argument is that
helicity-flip quark-quark scattering is not suppressed in the chiral limit.

Now consider turning on a small down quark mass while leavingthe up quark massless.
Formally such a mass allows one to connect the ingoing and outgoing down quark lines in Fig. 16
and thereby induce a mixing between the left and right handedup quark. Such a process is
sketched in Fig. 17. Here we allow for additional gluon exchanges to compensate for turning the
pseudoscalar field into a traditional mass term.

So the presence of a non-zerod-quark mass will induce an effective mass for theu quark,
even if the latter initially vanishes. As a consequence, non-perturbative effects renormalize
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Fig. 17. Through physical meson exchange, a down quark mass can induce an effective mass for the up
quark. The gluon exchanges can compensate for the pseudoscalar nature of the meson fields. Figure from
Ref. [81].

mu/md. If this ratio is zero at some scale, it cannot remain so for all scales. Only in the isospin
limit are quark mass ratios renormalization group invariant. As lattice simulations include all
perturbative and non-perturbative effects, this phenomenon is automatically included in such an
approach.

This cross talk between the masses of different quark species is a relatively straightforward
consequence of the chiral anomaly and has been discussed several times in the past, usually in
the context of gauge field topology and the index theorem [26,82–84]. This result is, however,
frequently met with consternation from the community well versed in perturbation theory. In-
deed, Feynman diagrams tend to suppress spin-flip processesas the quark masses go to zero.
The above argument shows that this lore need not apply when anomalous processes come into
play. In particular, mass renormalization is not flavor blind and the concept of mass independent
regularization is problematic. Since the quark masses influence each other, there are inherent
ambiguities definingmu = 0. This has consequences for the strong CP problem, discussed
further below. Furthermore, a traditional perturbative regulator such asMS is not complete
whenmu 6= md. Because of this, the practice of matching lattice calculations toMS is also
problematic.

Given the simplicity of the above argument, it is perhaps somewhat surprising that it contin-
ues to receive criticism. The first complaint sometimes madeis that one should work directly
with bare quark masses. This ignores the fact that the bare masses all vanish under renormaliza-
tion. We discussed earlier the renormalization group equation for a quark mass

a
dmi

da
= γ(g)mi = γ0g

2 +O(g4). (213)

As asymptotic freedom drives the bare coupling to zero, the bare masses behave as

m ∼ gγ0/β0(1 +O(g2))→ 0 (214)

whereβ0 is the first term in the beta function controlling the vanishing of the bare coupling in the
continuum limit. Since all bare quark masses are formally zero, one must address these questions
in terms of a renormalization scheme at a finite cutoff.

A second frequent objection is that in a mass independent regularization scheme, mass ratios
are automatically constant. Such an approach asks that the renormalization group functionγ(g)
in Eq. (213) be chosen to be independent of the quark species and mass. This immediately
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implies the constancy of all quark mass ratios. As only the first term in the perturbative expansion
of γ(g) is universal, a mass independent scheme is indeed an allowedprocedure. However, such
a scheme obscures the off-diagonalmd effect onmu discussed above. In particular, by forcing
constancy of bare mass ratios, the ratios of physical particle masses must vary as a function of
cutoff. This will be in a manner that cancels the flow from the process discussed above. The fact
that physical particle mass ratios are not just a function ofquark mass ratios is shown explicitly
in subsection 9.6, where we observe that in the chiral limit the combination1 − m2

π0
/m2

π±
is

proportional to (md−mu)
2

(md+mu)Λqcd
.

From a non-perturbative point of view, having physical massratios vary with the cutoff seems
rather peculiar; indeed, the particle masses are physical quantities that would be natural to hold
fixed. And, even though a mass independent approach is theoretically possible, there is no guar-
antee that any given quark mass ratio will be universal between schemes. Finally, the lattice
approach itself is usually implemented with physical particle masses as input. As such it is not a
mass independent regulator, making a perturbative matching to lattice results rather subtle.

A third complaint against the above argument is that one should simply do the matching at
some high energy, say 100 GeV, where “instanton” effects areexponentially suppressed and ir-
relevant. This point of view has several problems. First, current lattice simulations are not done
at miniscule scales and non-perturbative effects are present and substantial. Furthermore, the
exponential suppression of topological effects is in the inverse coupling, which runs logarithmi-
cally with the scale. As such, the non-perturbative suppression is a power law in the scale and
straightforward to estimate.

Since the eta-prime mass is expected to be of orderΛqcd, we know from the previous renor-
malization group discussion how it depends on the bare coupling in the continuum limit

mη′ ∝
1

a
e−1/(2β0g

2
0)g

−β1/β
2
0

0 . (215)

While this formula indeed shows an exponential suppressionin 1/g20, this is cancelled by the
inverse cutoff factor in just such a way that the mass of this physical particle remains finite. The
ambiguity in the quark mass splitting is controlled by the mass splittingmη′ −mπ0

as well as
being proportional tomd − mu. Consideringmd = 5 MeV at a scale ofµ = 2 GeV, a rough
estimate of the order of theu quark mass shift is

∆mu(µ) ∼
(

mη′ −mπ0

Λqcd

)

(md −mu) = O(1 MeV), (216)

a number comparable to typical phenomenological estimates. This result depends on the scaleµ,
but that dependence is only logarithmic and given by Eq. (214). Additional flavors will reduce
the size of this effect; with the strange quark present, it should be proportional tomdms.

A particularly important observation is that the exponent controlling the coupling constant
suppression in Eq. 215 is substantially smaller than the classical instanton action

1

2β0g20
=

8π2

(11− 2nf/3)g20
<<

8π2

g20
. (217)

This difference arises because one needs to consider topological excitations above the quantum,
not the classical, vacuum. Zero modes of the Dirac operator are still responsible for the bulk of
the eta prime mass, but naive semi-classical arguments strongly underestimate their effect.
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9.4 General masses in two flavor QCD

Given the confusion over the meaning of quark masses, it is interesting to explore how two flavor
QCD behaves as these quantities are varied, including the possibility of explicit CP violation
through the Theta parameter. The full theory has a rather rich phase diagram, including first and
second order phase transitions, some occuring when none of the quark masses vanish.

We consider the quark fieldsψ as carrying implicit isospin, color, and flavor indices. Assume
as usual that the theory in the massless limit maintains theSU(2) flavored chiral symmetry under

ψ −→ eiγ5ταφα/2ψ
ψ −→ ψeiγ5ταφα/2. (218)

Hereτα represents the Pauli matrices generating isospin rotations. The anglesφα are arbitrary
rotation parameters.

We wish to construct the most general two-flavor mass term to add to the massless La-
grangian. Such should be a dimension 3 quadratic form in the fermion fields and should trans-
form as a singlet under Lorentz transformations. For simplicity, only consider quantities that are
charge neutral as well. This leaves four candidate fields, giving the general form for considera-
tion

m1ψψ +m2ψτ3ψ + im3ψγ5ψ + im4ψγ5τ3ψ. (219)

The first two terms are naturally interpreted as the average quark mass and the quark mass dif-
ference, respectively. The remaining two are less conventional. Them3 term is connected with
the CP violating parameter of the theory. The finalm4 term has been used in conjunction with
the Wilson discretization of lattice fermions, where it is referred to as a “twisted mass” [85,86].
Its utility in this context is the ability to reduce lattice discretization errors. We will return to this
term later when we discuss the effect of lattice artifacts onchiral symmetry.

These four terms are not independent. Indeed, consider the above flavored chiral rotation in
theτ3 direction,ψ → eiθτ3γ5/2ψ. Under this the composite fields transform as

ψψ −→ cos(θ)ψψ + sin(θ)iψγ5τ3ψ (220)

ψτ3ψ −→ cos(θ)ψτ3ψ + sin(θ)iψγ5ψ (221)

iψτ3γ5ψ −→ cos(θ)iψτ3γ5ψ − sin(θ)ψψ (222)

iψγ5ψ −→ cos(θ)iψγ5ψ − sin(θ)ψτ3ψ (223)

This rotation mixesm1 with m4 andm2 with m3. Using this freedom, we can select any one of
themi to vanish and a second to be positive.

The most common choice is to setm4 = 0 and usem1 as controlling the average quark mass.
Thenm2 gives the quark mass difference, while CP violation appearsin m3. This, however, is
only a convention. The alternative “twisted mass” scheme [85, 86], makes the choicem1 = 0.
This usesm4 > 0 for the average quark mass andm3 becomes the up-down mass difference. In
this casem2 becomes the CP violating term. It is amusing to note that an updown quark mass
difference in such a formulation involves the naively CP oddiψγ5ψ. The strong CP problem has
been rotated into the smallness of theψτ3ψ term, which with the usual conventions is the mass
difference. But because of the flavored chiral symmetry, both sets of conventions are physically
equivalent.
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For the following, take the arbitrary choicem4 = 0, although one should remember that this
is only a convention and we could have chosen any of the four parameters in Eq. (219) to vanish.
With this choice, two flavor QCD, after scale setting, depends on three mass parameters

m1ψψ +m2ψτ3ψ + im3ψγ5ψ. (224)

It is the possible presence ofm3 that represents the strong CP problem. As all the parame-
ters are independent and transform differently under the symmetries of the problem, there is no
connection between the strong CP problem andm1 orm2.

As discussed extensively above, the chiral anomaly is responsible for the iso-singlet rotation

ψ −→ eiγ5φ/2ψ
ψ −→ ψeiγ5φ/2 (225)

not being a valid symmetry, despite the fact thatγ5 naively anti-commutes with the massless
Dirac operator. Subection 8.1 showed this anomaly is nicelysummarized via Fujikawa’s [66]
approach where the fermion measure in the path integral picks up a non-trivial factor. In any
given gauge configuration only the zero eigenmodes of /D contribute, and by the index theorem
they are connected to the winding number of the gauge configuration. The conclusion is that the
above rotation changes the fermion measure by an amount depending non-trivially on the gauge
field configuration.

Note that this anomalous rotation allows one to remove any topological term from the gauge
part of the action. Naively this would have been yet another parameter for the theory, but by
including all three mass terms for the fermions, this can be absorbed. For the following we
consider that any topological term has thus been rotated away. After this one is left with the three
mass parameters above, all of which are independent and relevant to physics.

These parameters are a complete set for two flavor QCD; however, this choice differs some-
what from what is often discussed. Formally we can define the more conventional variables
as

mu = m1 +m2 + im3 (226)

md = m1 −m2 + im3 (227)

eiΘ =
m2

1 −m2
2 −m2

3 + 2im1m3
√

m4
1 +m4

2 +m4
3 + 2m2

1m
2
3 + 2m2

2m
2
3 − 2m2

1m
2
2.

(228)

Particularly forΘ, this is a rather complicated change of variables. For non-degenerate quarks in
the context of the phase diagram discussed below, the variables{m1,m2,m3} are more natural.

9.5 The strong CP problem and the up quark mass

Strong interactions preserve CP to high accuracy [87]. Thusonly two of the three possible mass
parameters seem to be needed. With the above conventions, itis natural to ask why ism3 so
small? It is the concept of unification that brings this question to the fore. We know that the
weak interactions violate CP. Thus, if the electroweak and the strong interactions separate at
some high scale, shouldn’t some remnant of this breaking survive? How is CP recovered for the
strong force?
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Fig. 18. Them2 andm3 terms warp the Mexican hat potential into two separate minima. The direction of
the warping is determined by the relative size of these parameters. Figure taken from Ref. [81].

One possible solution is that there is no unification and one should just consider the weak
interactions as a small perturbation. Another approach involves adding a new dynamical “ax-
ion” field that couples to the quarks through a coupling toiψγ5ψ. Shifts in this field makem3

essentially dynamical, and potentially the theory could relax tom3 = 0.
There is a third proposed solution, being criticized here, that the up quark mass might vanish.

This would naively allow a flavored chiral rotation to removeany phases from the quark mass
matrix. Why is a vanishing up quark mass not a sensible approach? From the above, one can
define the up quark mass as a complex number

mu ≡ m1 +m2 + im3. (229)

But the quantitiesm1, m2, andm3 are independent parameters with different symmetry prop-
erties. With our conventions,m1 represents an iso-singlet mass contribution,m2 is isovector in
nature, andm3 is CP violating. And, as discussed earlier, the combinationm1+m2 = 0 is scale
and scheme dependent. The strong CP problem only requires small m3. So while it may be true
formally that

m1 +m2 + im3 = 0 ⇒ m3 = 0, (230)

this would depend on scale and might well be regarded as “not even wrong.”

9.6 The two flavor phase diagram

As a function of the three mass parameters, QCD has a rather intricate phase diagram that we
now discuss. Using simple chiral Lagrangian arguments, this can be qualitatively mapped out.
To begin we consider the composite fields similar to those used in the earlier discussion of pions
as Goldstone bosons

σ ∼ ψψ η ∼ iψγ5ψ
~π ∼ iψγ5~τψ ~a0 ∼ ψ~τψ. (231)
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In terms of these, a natural model for a starting effective potential is

V = λ(σ2 + ~π2 − v2)2 −m1σ −m2a03 −m3η
+α(η2 + ~a20)− β(ησ + ~a0 · ~π)2. (232)

Hereα andβ are “low energy constants” that bring in a chirally symmetric coupling of(σ, ~π)
with (η,~a0). As discussed in Ref. [25], the sign of theβ term is suggested so thatmη < ma0 .

This potential augments the famous “Mexican hat” or “wine bottle” potential discussed ear-
lier, in which the Goldstone pions are associated with the flat directions running around at con-
stantσ2+~π2 = v2. Them2 andm3 terms do not directly affect theσ andπ fields, but induce an
expectation value fora03 andη, respectively. This in turn results in theα andβ terms inducing
a warping of the Mexican hat into two separate minima, as sketched in Fig. 18. The direction of
this warping is determined by the relative size ofm2 andm3; m2 (m3) warps downward inπ0
(σ) direction. If we now turn onm1, this will select one of the two minimum as favored. This
gives rise to a generic first order transition atm1 = 0.

There is additional structure in them1,m2 plane whenm3 vanishes. In this situation the
quadratic warping is downward in theσ direction. For large|m1| onlyσ will have an expectation,
with sign determined by the sign ofm1. The pion will be massive, but withm2 reducing the
neutral pion mass below that of the charged pions. If nowm1 is decreased in magnitude at fixed
m2, eventually the neutral pion becomes massless and condenses. How this occurs is sketched
in Fig. 19. An order parameter for the transition is the expectation value of theπ0 field, with the
transition being Ising-like. It occurs in a region where thetwo flavors have opposite signs for
their masses, i.e.|m1| < |m2|.

This structure can also be understood in terms of the expectation values for the pion and sigma
fields as functions of the average quark mass while holding the quark mass difference fixed. This
is sketched in Fig. 20. The jump inσ as we go from large positive to large negative masses is
split into two transitions with the pion field acquiring an expectation value in the intermediate
region.

Note that this transition occurs when bothmu andmd are non-vanishing but of opposite
sign. At the transition the correlation length diverges. This shows that it is possible to have
significant long distance physics without small Dirac eigenvalues. In contrast, we see that there
is no transition at the point where only one of the quark masses vanishes. In this situation there
is no long distance physics despite the possible existence of small Dirac eigenvalues.

Putting this all together, we obtain the phase diagram sketched in Fig. 21. There are two
intersecting first order transition surfaces, one at(m1 = 0, m3 6= 0) and the second at(m1 <
m2, m3 = 0). These each occur whereΘ = π. However, note that with non-degenerate quarks
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Fig. 20. With a constant up-down quark mass difference, the jump in the chiral condensate splits into two
second order transitions. The order parameter distinguishing the intermediate phase is the expectation value
of the neutral pion field. Figure taken from Ref. [88].

there is also aΘ = π region atm2 = m1 + ǫ for small but non-vanishingǫ where there is no
transition. The absence of a physical singularity atmu = 0 whenmd 6= 0 lies at the heart of the
problem in defining a vanishing up quark mass.

In the next section we will see that the structure in them1,m2 plane is closely related to an
interesting lattice artifact in the degenerate quark limit. Aoki [89] discussed a possible phase
with spontaneous parity violation with the Wilson fermion formulation. Indeed, lattice artifacts
can modify the effective potential in a similar way to them2 term and allow the CP violating
phase at finite cutoff to include part of them1 axis as well.

10 Lattice fermions

We now have a fairly coherent picture of how the spectrum of pseudoscalar mesons is connected
with chiral symmetry in the continuum theory. The anomaly plays a crucial role in introducing
the Theta parameter into the theory and contributing to theη′ mass. Throughout we have assumed
that we have in hand a regulator to define the various composite fields, but we have not been
specific in how that regulator is formulated. Early sectionsindicated the lattice should provide a
natural route to a non-perturbative formulation, but we have postponed the details until some of
the desired continuum features were elucidated.

The lattice can be regarded as a fully non-perturbative definition of a quantum field theory.
As such, the entire structure explored in previous sectionsshould follow as we approach the
continuum limit. But there are a variety of interesting and subtle issues concerning how this
comes about. When the lattice is in place, all infinities in the theory are automatically removed.
However we have argued that the anomaly is closely tied to thedivergences in the theory. As such
the physics associated with the anomaly must appear somewhere in any valid lattice formulation.
If we try to formulate a lattice version of QCD with all classical symmetries in place, there is no
way for this to happen. In particular, this imposes subtleties for how the action for the quarks is
formulated. Here we go into this problem in some detail and explore some of the methods for
dealing with it.
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Fig. 21. The full phase diagram for two flavor QCD as a functionof the three mass parameters. It consists of
two intersecting first order surfaces with a second order edge along curves satisfyingm3 = 0, |m1| < |m2|.
There is no structure along themu = 0 line except when both quark masses vanish. Figure from Ref. [81]

10.1 Hopping and doublers

The essence of lattice doubling already appears in the quantum mechanics of the simplest Fermion
Hamiltonian in one space dimension

H = iK
∑

j

a†j+1aj − a
†
jaj+1. (233)

Herej is an integer labeling the sites of an infinite chain and theaj are Fermion annihilation
operators satisfying standard anti-commutation relations

[

aj , a
†
k

]

+
≡ aja†k + a†kaj = δj,k. (234)

The fermions hop from site to neighboring site with amplitudeK; thus, we refer toK as the
“hopping parameter” and by convention take it to be positive. The bare vacuum|0〉 satisfies
aj|0〉 = 0. This vacuum is not the physical one, which requires constructing a filled Dirac sea.
Energy eigenstates in the single Fermion sector

|χ〉 =
∑

j

χja
†
j |0〉 (235)

can be easily found in momentum space

χj(q) = eiqjχ0 (236)
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where we can restrict−π < q ≤ π. The resulting energy is

E(q) = 2K sin(q). (237)

The physical vacuum fills all the negative energy states,i.e. those with−π < q < 0.
On this vacuum, consider constructing a Fermionic wave packet by exciting a few modes of

small momentumq. This packet will have a group velocitydE/dq ∼ 2K that is positive. Thus
it moves to the right and represents a right-moving fermion.On the other hand, a wave packet of
low energy can also be produced by exciting momenta in the vicinity of q ∼ π. This packet will

have group velocitydEdq

∣

∣

∣

q=π
∼ −2K and therefore be left moving. The essence of the Nielsen

Ninomiya theorem [90] is that we must have both types of excitation. We will go into this in
more detail later, but for this one dimensional case the periodicity in q requires the dispersion
relation to have an equal number of zeros with positive and negative slopes. If we now consider
a two component spinor to describe the fermion, we will have independent states corresponding
to each component. This is the so called “doubling” issue.

As a preliminary to later discussion, here we concentrate ona Hamiltonian version of the
Wilson approach to remove the doublers. Continuing to work in one dimension, consider a two
component spinor

ψ =

(

a
b

)

. (238)

wherea and b are distinct fermion annihilation operators on the latticesites. The so called
“naive” lattice Hamiltonian begins with the simple hoppingcase of above and adds in the lower
components and a mass term that mixes the upper and lower components

H = iK
∑

j

a†j+1aj − a
†
jaj+1 − b†j+1bj + b†jbj+1 +M

∑

j

a†jbj + b†jaj . (239)

Introducing two by two Dirac matrices

γ0 = σ1 =

(

0 1
1 0

)

, γ1 = σ2 =

(

0 −i
i 0

)

, γ5 = σ3 =

(

1 0
0 −1

)

, (240)

and defining ψ = ψ†γ0, we write the Hamiltonian compactly as

H =
∑

j

K(ψj+1γ1ψj − ψjγ1ψj+1) +M
∑

j

ψjψj . (241)

This looks very much like the continuum Dirac Hamiltonian with the derivative term represented
on the lattice by a nearest neighbor difference. Chiral symmetry is manifest in the possibility of
independent rotations of thea andb type particles when the mass term is absent. The latter mixes
these components and opens a gap in the spectrum.

As before, the single particle states are easily found by Fourier transformation and satisfy

E2 = 4K2 sin2(q) +M2 (242)

At each momentum there is one positive and one negative energy state. Again, we are to fill the
negative energy sea to form the physical vacuum. The doubling issue is that there are low energy
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excitations that satisfy the Dirac equation appearing bothat q ∼ 0 andq ∼ π. The physical
momentak of the latter excitations appear in expanding about pi, i.ek = q − π. These states
have a smooth spatial dependence in a redefined fieldχj = (−1)jψj . The doublers atq ∼ π are
still with us.

10.2 Wilson Fermions

One way to remove the degeneracy of the doublers is to make themixing of the upper and lower
components momentum dependent. A simple way of doing this was proposed by Wilson [10].
To our Hamiltonian model, we add one more term

H = iK
∑

j

a†j+1aj − a
†
jaj+1 − b†j+1bj + b†jbj+1+

M
∑

j

a†jbj + b†jaj − rK
∑

j

a†jbj+1 + b†jaj+1 + b†j+1aj + a†j+1bj

=
∑

j

K(ψj+1(γ1 − r)ψj − ψj(γ1 + r)ψj+1) +
∑

j

Mψjψj . (243)

Now the spectrum satisfies

E2 = 4K2 sin2(q) + (M − 2rK cos(q))2. (244)

The doublers atq ∼ π are increased in energy relative to the states atq ∼ 0. The physical particle
mass is nowm =M − 2rK while that of the doubler is atM + 2rK.

Whenr becomes large, the dip in the spectrum of nearq = π actually becomes a maximum.
This is irrelevant for our discussion, although we note thatthe caser = 1 is somewhat special.
For this value, the matrices(γ1± 1)/2, which determine how the Fermions hop along the lattice,
are projection operators. In a sense, the doubler is removedbecause only one component can
hop. This choicer = 1 has been the most popular in practice.

The hopping parameter has a critical value at

Kc =
M

2r
(245)

At this point the gap in the spectrum closes and one species ofFermion becomes massless.
The Wilson term, proportional tor, still mixes thea andb type particles; so, there is no exact
chiral symmetry. Nevertheless, in the continuum limit thisrepresents a candidate for a chirally
symmetric theory. Before the limit, chiral symmetry does not provide a good order parameter.

Now we generalize this approach to the Euclidean path integral formulation in four space-
time dimensions. In the continuum, one usually writes for the free fermion action density

ψDψ = ψ( /∂ +m)ψ (246)

or in momentum space

ψ(i /p+m)ψ. (247)

By convention we use Hermitean gamma matrices. Note thatD is the sum of Hermitian and anti-
Hermitian parts. In the continuum the former is just a constant, the mass. A hermitian operator
appears in the combinationγ5D, but we don’t need that just now.
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A matrix can be diagonalized when it commutes with its adjoint; then it is called “normal.”
For the naive continuum operator this is the case, and we see that all eigenvalues ofD lie along
a line parallel to the imaginary axis intersecting the real axis atm. This simple structure will be
lost on the lattice.

As discussed earlier, a simple transcription of derivatives onto the lattice replaces factors of
p with trigonometric functions. Thus the naive lattice action becomes

ψ

(

i

a

∑

µ

γµ sin(pµa) +m

)

ψ (248)

where we have explicitly included the lattice spacinga. For small momentum this reduces to
the continuum resultψ(iγµpµ +m)ψ. Now let one component ofp get large and be nearπ/a.
Then we again have small eigenvalues and a nearby pole in the propagator. As any of the four
components of momentum can be near0 or π there are a total of 16 places in momentum space
that give rise to a Dirac like behavior. The naive fermion action gives rise to 16 doublers.

As in the earlier example, the Wilson solution adds a momentum dependent mass. Wishing
to maintain only nearest neighbor terms, it also involves trigonometric functions. To maintain
hyper-cubic symmetry, we put in the Wilson term symmetrically for all space-time directions.
For simplicity we set the Wilson parameterr from before to unity. Explicitly for free fields we
consider the momentum space form

ψDWψ = ψ

(

1

a

∑

µ

(iγµ sin(pµa) + 1− cos(pµa)) +m

)

ψ (249)

Now for a momentum component nearπ the eigenvalues are of order1/a in size. Note that
the lattice artifacts in the propagator start at orderp2a, rather thanO(a2) as for naive fermions.
The eigenvalue structure ofDW is rather interesting. The eigenvalues for the free Wilson theory
occur at

λ = ± i
a

√

∑

µ

sin2(pµa) +
1

a

∑

µ

1− cos(pµa) +m (250)

The eigenvalues of this free operator lie on a set of “nested circles,” as sketched in Fig. 22. Note
thatm ↔ −m is not a symmetry. Naively it would be in the continuum, but aswe discussed
earlier, it cannot be so in the quantum theory when one has an odd number of flavors.

Note that to obtain real eigenvalues in Eq. (250), each component of the momentum must be
an integer multiple ofπ. There are actually several critical values that can give rise to massless
fermions. Form = 0,−2,−4,−6,−8 we have1, 4, 6, 4, 1 massless species. When interactions
are present these values of the mass will also be renormalized. 7 Whether a continuum limit at
these alternative points is useful has not been investigated.

Rescaling to lattice units and restoring the hopping parameter, the Wilson fermion action
with the site indices explicit becomes

DWij = δi,j +K
∑

µ

(1 − γµ)δi,j+eµ + (1 + γµ)δi,j−eµ . (251)

7Actually the 6 flavor case at m=-4 does have a discrete symmetry that will protect against additive mass renormal-
ization.
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Fig. 22. The eigenvalue spectrum of the free Wilson fermion operator is a set of nested circles. On turning
on the gauge fields, some eigenvalues drift into the open regions. Some complex pairs can collide and
become real. These are connected to gauge field topology. Figure taken from Ref. [91].

By taking the coefficientr of the Wilson term as unity we have projection operators in the
hoppings. The physical fermion mass is read off from the small momentum behavior asm =
1
2a (1/K − 8). This vanishes at atK = Kc = 1/8.

Here we consider that the gauge fields are formulated as usualwith group valued matrices on
the lattice links. These are to be inserted into the above hopping terms. One could use the simple
Wilson gauge action as a sum over plaquettes

Sg =
β

3

∑

p

Re Tr Up (252)

although this specific form is not essential the qualitativenature of the phase diagram. When
the gauge fields are turned on, the dynamics will move the fermion eigenvalues around, partially
filling the holes in eigenvalue pattern of Fig. 22. Some eigenvalues can become real and are
related to gauge field topology [78].

For the free theory the Hermitian and anti-Hermitian parts of the action commute. This
ceases to be true in the interacting case since both terms contain gauge matrices that themselves
do not commute. Thus the left eigenvalues are generally different from right ones. Nevertheless,
it is still true that the eigenvalues either appear in complex conjugate pairs or they are real. This
follows fromγ5 Hermiticity,D† = γ5Dγ5. Sinceγ5 has unit determinant,|D − λ| = 0 implies
|D† − λ| = |D − λ∗|∗ = 0.

A technical difficulty with this approach is that gauge interactions will renormalize the pa-
rameters. To obtain massless pions one must finely tuneK toKc, ana priori unknown function
of the gauge coupling. Despite the awkwardness of such tuning, this is how numerical simula-
tions with Wilson quarks generally proceed. The hopping parameter is adjusted to get the pion
mass right, and one assumes that the remaining predictions of current algebra reappear in the
continuum limit.

Note that the basic lattice theory has two parameters,β andK. These are related to bare
coupling,β ∼ 6/g20, and quark mass,(1/K − 1/Kc) ∼ mq. We will now turn to a discussion of
this relation in more detail.
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10.3 Lattice versus continuum parameters

As emphasized earlier, QCD is a remarkably economical theory in terms of the number of ad-
justable parameters. First of these is the overall strong interaction scale,Λqcd. This is scheme
dependent, but once a renormalization procedure has been selected, it is well defined. It is not
independent of the coupling constant, the connection beingfixed by asymptotic freedom. In
addition, the theory depends on the renormalized quark massesmi, or more precisely the dimen-
sionless ratiosmi/Λqcd. As with the overall scale, the definition ofmi is scheme dependent.
The two flavor theory with degenerate quarks andΘ = 0 has one such mass parameter. As we
wish to formulate the theory with a lattice cutoff in place, there is a scale for this cutoff. As with
everything else, it is convenient to measure this in units ofthe overall scale; so, a third parameter
for the cutoff theory isaΛqcd, where one can regarda as the lattice spacing.

How the bare parameters behave as the continuum limit is taken was discussed rather ab-
stractly in Section 5. The goal here is to explore some of the the lattice artifacts that arise with
Wilson fermions [10]. On the lattice it is generally easier to work directly with lattice parameters.
One of these is the plaquette couplingβ, which, with the usual conventions, is related to the bare
couplingβ = 6/g20. For the quarks, the natural lattice quantity is the “hopping parameter”K.
And finally, the connection with physical scales appears viathe lattice spacinga.

The set of physical parameters and the set of lattice parameters are, of course, equivalent, and
there is a well understood non-linear mapping between them

{

m

Λqcd
, aΛqcd

}

←→ {β,K}. (253)

Of course, to extract physical predictions we are interested in the continuum limitaΛqcd → 0.
For this, asymptotic freedom tells us we must takeβ →∞ at a rate tied toΛqcd. Simultaneously
we must take the hopping parameter to a critical value. With normal conventions, this takes
K → Kc → 1/8 at a rate tied to desired quark massm. Fig. 23 sketches how the continuum limit
is taken in theβ,K plane. Here we wish to further explore this phase diagram with particular
attention to hopping parameters larger thanKc. This discussion is adapted from Ref. [91] and
adds the possible twisted mass term to the exposition from Ref. [92].

10.4 Artifacts and the Aoki phase

We previously made extensive use of an effective field theoryto describe the interactions of the
pseudo-scalar mesons. Here we will begin with the simplest form for the two flavor theory and
then add terms to mimic possible lattice artifacts. The language is framed as before in terms of
the isovector pion field~π ∼ iψγ5~τψ and the scalar sigmaσ ∼ ψψ. the starting point for this
discussion is the canonical “Mexican hat” potential

V0 = λ(σ2 + ~π2 − v2)2 (254)

schematically sketched earlier in Fig. 6. The potential hasa symmetry underO(4) rotations
amongst the pion and sigma fields expressed as the four vectorΣ = (σ, ~π). This represents the
axial symmetry of the underlying quark theory.

As discussed before, the massless theory is expected to spontaneously break chiral symmetry
with the minimum for the potential occurring at a non-vanishing value for the fields. As usual,
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T=0

Fig. 23. The continuum limit of lattice gauge theory with Wilson fermions occurs atβ → ∞ andK → 1/8.
Coming in from this point to finite beta is the curveKc(β), representing the lowest phase transition inK
for fixed beta. The nature of this phase transition is a delicate matter, discussed in the text. Figure taken
from Ref. [91].

we take the vacuum to lie in the sigma direction with〈σ〉 > 0. The pions are then Goldstone
bosons, being massless because the potential provides no barrier to oscillations of the fields in
the pion directions. Also as discussed before, we include a quark mass by adding a constant
times the sigma field

V1 = −mσ (255)

This explicitly breaks the chiral symmetry by “tilting” thepotential as sketched in Fig. 7. That
selects a unique vacuum which, form > 0, gives a positive expectation for sigma. In the process
the pions gain a mass, withm2

π ∼ m.
Because of the symmetry ofV0, it does not matter physically in which direction we tilt the

vacuum. In particular, a mass term of form

mσ → m cos(θ)σ +m sin(θ)π3 (256)

should give equivalent physics for anyθ. In the earlier continuum discussion we used this free-
dom to rotate the second term away. However, as we will see, lattice artifacts can break this
symmetry, introducing the possibility of physics at finite lattice spacing depending on this angle.
As mentioned before, the second term in this equation is whatis usually called a “twisted mass.”

The Wilson term inherently breaks chiral symmetry. This will give rise to various modifica-
tions of the effective potential. The first correction is expected to be an additive contribution to
the quark mass, i.e. an additional tilt to the potential. This means that the critical kappa, defined
as the smallest kappa where a singularity is found in theβ,K plane, will move away from the
limiting value of1/8. Thus we introduce the functionKc(β) and imagine that the mass term is
modeled with the form

m→ c1(1/K − 1/Kc(β)). (257)

In general the lattice modification of the effective potential will have further corrections of
higher order in the effective fields. A natural way to includesuch is as an expansion in the chiral
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C  < 0
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Fig. 24. Lattice artifacts could quadratically warp the effective potential. If this warping is downward in
the sigma direction, the chiral transition becomes first order without the pions becoming massless. Figure
taken from Ref. [91].

fields. With this motivation we include a term in the potential of form c2σ
2. Including these

ideas in the effective model, we are led to

V (~π, σ) = λ(σ2 + ~π2 − v2)2 − c1(1/K − 1/Kc(β))σ + c2σ
2. (258)

Such a term was considered in Refs. [92,93]. The predicted phase structure depends qualitatively
on on the sign ofc2, but a priori we have no information on this.8 Indeed, as it is a lattice artifact,
it is expected that this sign might depend on the choice of gauge action. Note that we could have
added a term like~π2, but this is essentially equivalent since~π2 = (σ2 + ~π2) − σ2, and the first
term here can be absorbed, up to an irrelevant constant, intothe starting Mexican hat potential.

First consider the case whenc2 is less than zero, thus lowering the potential energy when the
field points in the positive or negative sigma direction. This quadratic warping helps to stabilize
the sigma direction, as sketched in Fig. 24, and the pions cease to be true Goldstone bosons when
the quark mass vanishes. Instead, as the mass passes throughzero, we have a first order transition
as the expectation ofσ jumps from positive to negative. This jump occurs without any physical
particles becoming massless.

Things get a bit more complicated ifc2 > 0, as sketched in Fig. 25. In that case the chiral
transition splits into two second order transitions separated by phase with an expectation for the
pion field, i.e. 〈~π〉 6= 0. The behavior is directly analogous to that shown in Fig. 20,the main
difference being that now the two quarks are degenerate. Since the pion field has odd parity and
charge conjugation as well as carries isospin, all of these symmetries are spontaneously broken
in the intermediate phase. As isospin is a continuous group,this phase will exhibit Goldstone
bosons. The number of these is two, representing the two flavor generators orthogonal to the
direction of the expectation value. If higher order terms donot change the order of the transi-
tions, there will be a third massless particle exactly at thetransition endpoints. In this way the

8Ref. [94] has argued thatc2 should be positive. We will return to this argument a bit later in this section.
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Fig. 25. If the lattice artifacts warping the potential upward in the sigma direction, the chiral transition
splits into two second order transitions separated by a phase where the pion field has an expectation value.
Figure taken from Ref. [91].

theory reveals three massless pions exactly at the transitions, as discussed by Aoki [89]. The
intermediate phase is usually referred to as the “Aoki phase.” Assuming thisc2 > 0 case, Fig. 26
shows the qualitative phase diagram expected.

Note the similarity of this discussion to that leading to thephase diagram in Fig. 21. Indeed,
lattice artifacts can lead to the spontaneously broken CP region found there for the(m1,m2)
plane to open up and remain present for degenerate quarks. The Aoki phase is closely related to
the possibility of CP violation atΘ = π for unequal mass quarks. Note also that this connection
with the earlier continuum discussion shows that with an oddnumber of flavors, the spontaneous
breaking of parity is the normal expectation whenever the hopping parameter exceeds its critical
value. Indeed, in this case the Aoki phase is less a lattice artifact than a direct consequence of
the CP violation expected in the continuum theory atθ = π.

10.5 Twisted mass

Thec2 term breaks the equivalence of different chiral directions. This means that physics will
indeed depend on the angleθ if one takes a mass term of the form in Eq. (256). Consider
complexifying the fermion mass in the usual way

mψψ → mψLψR +m∗ψRψL = Rem ψψ + iImm ψγ5ψ. (259)

The rotation of Eq. (256) is equivalent to giving the up and down quark masses opposite phases

mu → e+iθmu (260)

md → e−iθmd (261)

Thus motivated, we can consider adding a new mass term to the lattice theory

µ iψτ3γ5ψ ∼ µπ3 (262)
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confining, m<0

doubler physics

Fig. 26. The qualitative structure of theβ,K plane including the possibility of an Aoki phase.

This extends our effective potential to

V (~π, σ) = λ(σ2 + ~π2 − v2)2 − c1(1/K − 1/Kc(β))σ + c2σ
2 − µπ3 (263)

The twisted mass represents the addition of a “magnetic field” conjugate to the order parameter
for the Aoki phase.

There are a variety of motivations for adding such a term to our lattice action [95, 96]. Pri-
mary among them is thatO(a) lattice artifacts can be arranged to cancel. With two flavorsof
conventional Wilson fermions, these effects change sign ongoing from positive to negative mass,
and if we put all the mass into the twisted term we are half way between. It should be noted that
this cancellation only occurs when all the mass comes from the twisted term; for other combina-
tions with a traditional mass term, some lattice artifacts of O(a) will survive. Also, although it
looks like we are putting phases into the quark masses, thesecancel between the two flavors. The
resulting fermion determinant remains positive and we are working atΘ = 0. Furthermore, the
algorithm is considerably simpler and faster than either overlap [69, 97] or domain wall [98, 99]
fermions while avoiding the diseases of staggered quarks [100]. Another nice feature of adding
a twisted mass term is that it allows a better understanding of the Aoki phase and shows how
to continue around it. Figs. 27 and 28 show how this works for the casec2 > 0 andc2 < 0,
respectively.

Of course some difficulties come along with these advantages. First, one needs to knowKc.
Indeed, with the Aoki phase present, the definition of this quantity is a bit fuzzy. And second, the
mass needs to be larger than thec2 artifacts. Indeed, as Figs. 27 and 28 suggest, if it is not, then
one is really studying the physics of the Aoki phase, not the correct continuum limit. This also
has implications for how close to the continuum one must be tostudy this structure; in particular,
one must haveβ large enough so the Aoki phase does not extend into the doubler region.

The question of the sign ofc2 remains open. Simulations suggest that the usual Aoki phase
with c2 > 0 is the situation with the Wilson gauge action. Recently Ref.[94] has pointed out
that with the twisted mass term present, all eigenvalues of the product of gamma five with the
Dirac operator will have non-zero imaginary parts. Thus to havec2 < 0, the phase transition at
non-vanishing twisted mass must occur where the fermion determinant does not vanish on any
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Simulation point

µ

doubler artifacts

Fig. 27. Continuing around the Aoki phase with twisted mass.This sketch considers the casec2 > 2 where
the parity broken phase extends over a region along the kappaaxis. Figure taken from Ref. [91].

K

2
Simulation point c   < 0

µ

Kc

doubler artifacts

Fig. 28. As in Fig. 27, but for the casec2 < 0 so the chiral transition on the kappa axis becomes first order.
Figure taken from Ref. [91].
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configuration. This contrasts with theC2 > 0 case where small eigenvalues ofD are expected
occur in the vicinity of the critical hopping. This at first sight makesc2 < 0 seem somewhat
unnatural; however, this is not a proof since we saw in Subsection 9.6 that phase transitions
without small eigenvalues of the Dirac operator do occur in the continuum theory for two flavors
with non-degenerate quarks.

This picture of the artifacts associated with Wilson fermions raises some interesting ques-
tions. One concerns the three flavor theory. As discussed previously, in this case a parity broken
phase becomes physical with negative mass. Indeed, three degenerate quarks of negative mass
represent QCD with a strong CP angleθ = π, for which spontaneous breaking of CP is expected.
In some sense the Aoki phase becomes physical. Also, with three flavors the twisting process is
not unique, with possible twists in theλ3 or λ8 directions. For example, using onlyλ3 would
suggest a possible twisted mass of formmu ∼ e2πi/3,md ∼ e−2πi/3,ms ∼ 1. Whether there is
an optimum twisting procedure for three flavors is unclear.

Another special case is one flavor QCD [78]. In this situationthe anomaly removes all chiral
symmetry, and the quark condensate loses meaning as an orderparameter. The critical value of
kappa where the mass gap disappears is decoupled from the point of zero physical quark mass.
There is a parity broken phase, but it occurs only at sufficiently negative mass. And from the
point of view of twisting the mass, without chiral symmetry there is nothing to twist other than
turning on the physical parameterΘ.

11 Lattice actions preserving chiral symmetry

11.1 The Nielsen-Ninomiya theorem

As discussed some time ago [90], the doubling issue is closely tied to topology in momentum
space. To see how this works, let us first establish a gamma matrix convention

~γ = σ1 ⊗ ~σ =

(

0 ~σ
~σ 0

)

(264)

γ0 = σ2 ⊗ I =

(

0 −i
i 0

)

(265)

γ5 = σ3 ⊗ I =

(

1 0
0 −1

)

. (266)

Now suppose we have an anti-Hermitian Dirac operatorD that anti-commutes withγ5

D = −D† = −γ5Dγ5. (267)

Considering this quantity in momentum space, its most general form is

D(p) =

(

0 z(p)
−z∗(p) 0

)

(268)

wherez(p) is a quaternion

z(p) = z0(p) + i~σ · ~z(p). (269)
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Thus we see that any chirally symmetric Dirac operator maps momentum space onto the space
of quaternions.

The Dirac equation is obtained by expanding the momentum space operator around a zero,
i.e.D(p) ≃ /p = γµpµ. Now consider a three dimensional sphere embedded in four-dimensional
momentum-space and surrounding the zero with a constantD2 ∼ p2. The above quaternion
wraps non-trivially about the the origin as we cover this sphere. Here is where the topology
comes in [90, 101]. Momentum space is periodic over Brillouin zones. We must havez(p) =
z(p + 2πn) wheren is an arbitrary four vector with integer components. Because of this, we
can restrict the momentum components to lie in the range−π < pµ ≤ π, and we cannot have
any non-trivial topology on the surface of this zone. Any mapping associated with a zero inz(p)
must unwrap somewhere else before we get to the surface. AssumingD(p) remains finite, any
zero must be accompanied by another wrapping in the oppositesense. Because of doubling, the
16 species with naive fermions split up into 8 zeros of each sense.

The above argument only tells us that a chiral lattice theorymust have an even number of
species. The case of a minimal doubling with only two speciesis in fact possible, although
all methods presented so far [102] appear to involve a breaking of hyper-cubic symmetry. This
breaking is associated with the direction between the zeros; this makes one direction special,
although it might be possible to avoid it by having the zeros form a symmetric lattice using the
periodicity of momentum space. This has not yet been demonstrated.

In earlier sections we discussed how an odd number of flavors raised some interesting issues;
in particular the sign of the mass becomes relevant. In spiteof this, there seems to be no con-
tradiction with having, say, three light flavors in the continuum with a well defined chiral limit.
The above lattice argument, however, seems to indicate troubles with maintaining an exact chiral
symmetry with an odd number of flavors. Whether this apparentconflict is serious is unclear.
One could always start with a multiple fermion theory and then, with something like a Wilson
term, give a few species masses while leaving behind an odd number of massless fermions. This
will involve some parameter tuning, but presumably can givea reasonable chiral limit for odd
Nf > 2. This does not obviate the fact emphasized earlier that withonly one flavor there must
not be any remaining chiral symmetry even in the continuum.

11.2 Minimal doubling

Several chiral lattice actions satisfying the minimal condition of Nf = 2 flavors are known.
Some time ago Karsten [103] presented a simple form by inserting a factor ofiγ4 into a Wilson
like term for space-like hoppings. A slight variation appeared in a discussion by Wilczek [104]
a few years later. More recently, a new four-dimensional action was motivated by the analogy
with two dimensional graphene [101]. Since then numerous variations have been presented [102,
105–108].

The main potential advantage with these approaches lies in their ultra-locality. They all
involve only nearby neighbor hoppings for the fermions. Thus they should be extremely fast
in simulations while still protecting masses from additiverenormalization and helping control
mixing of operators with different chirality. The approachalso avoids the uncontrolled errors as-
sociated with the rooting approximation discussed later [60,100,109,110]. On the other hand, all
minimally-doubled actions presented so far have the above mentioned disadvantage of breaking
lattice hyper-cubic symmetry. With interactions, this will lead to the necessity of renormaliza-
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tion counter-terms that also violate this symmetry [111]. The extent to which this will complicate
practical simulations remains to be investigated.

Minimally-doubled chiral fermions have the unusual property of a single local field creating
two distinct fermionic species. Here we discuss a point-splitting method for separating the effects
of the two flavors which can be created by a single fermion field. For this we will work with
one specific form for the fermion action, but the method should be easily extended to other
minimally-doubled formulations.

We concentrate on a minimally-doubled fermion action whichis a slight generalization of
those presented by Karsten [103] and Wilczek [104]. The fermion term in the lattice action takes
the formψDψ. For free fermions we start in momentum space with

D(p) = i
3
∑

i=1

γi sin(pi) +
iγ4

sin(α)

(

cos(α) + 3−
4
∑

µ=1

cos(pµ)

)

(270)

This includes a Wilson like term for the space-like hoppingsbut containing an extra factor of
iγ4. As a function of the momentumpµ, the propagatorD−1(p) has two poles, located at~p = 0,
p4 = ±α. Relative to the naive fermion action, the other doublers have been given a large
“imaginary chemical potential” by the Wilson like term. Theparameterα allows adjusting the
relative positions of the poles. The original Karsten/Wilczek actions correspond toα = π/2.

This action maintains one exact chiral symmetry, manifested in the anti-commutation relation
[D, γ5]+ = 0. The two species, however, are not equivalent, but have opposite chirality. To see
this, expand the propagator around the two poles and observethat one species, that corresponding
to p4 = +α, uses the usual gamma matrices, but the second pole gives a proper Dirac behavior
using another set of matricesγ′µ = Γ−1γµΓ. The Karsten/Wilczek formulation usesΓ = iγ4γ5,
although other minimally-doubled actions may involve a different transformation. After this
transformationγ′5 = −γ5, showing that the two species rotate oppositely under the exact chiral
symmetry, and this symmetry should be regarded as “flavored.” One can think of the physical
chiral symmetry as that generated in the continuum theory byτ3γ5.

It is straightforward to transform the momentum space action in Eq. (270) to position space
and insert gauge fieldsUij = U †

ji on the links connecting lattice sites. Explicitly indicating the
site indices, the Dirac operator becomes

Dij = Uij

3
∑

µ=1

γi
δi,j+eµ − δi,j−eµ

2

+
iγ4

sin(α)

(

(cos(α) + 3)δij − Uij
4
∑

µ=1

δi,j+eµ + δi,j−eµ
2

)

. (271)

Again we see analogy with Wilson fermions [10] for the space directions but augmented with an
iγ4 inserted in the Wilson term.

Perturbative calculations [111] have shown that interactions with the gauge fields can shift
the relative positions of the poles along the direction between them. In other words, the param-
eterα receives an additive renormalization. Furthermore, the form of the action treats the fourth
direction differently than the spatial coordinates, this is the breaking of hyper-cubic symmetry
mentioned above. There arise three possible new counter-terms for the renormalization of the
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theory. First there is a possible renormalization of the on-site contribution to the action propor-
tional toiψγ4ψ. This provides a handle on the shift of the parameterα. Secondly, the breaking
of the hyper-cubic symmetry indicates one may need to adjustthe fermion “speed of light.” This
involves a combination of the above on-site term and the strength of temporal hopping propor-
tional toδi,j+e4 + δi,j−e4 . Finally, the breaking of hyper-cubic symmetry can feed back into the
gluonic sector, suggesting a possible counter-term of formF4µF4µ to maintain the gluon “speed
of light.” In lattice language, this corresponds to adjusting the strength of time-like plaquettes
relative to space-like ones.

Of these counter-terms,iψγ4ψ is of dimension 3 and is probably the most essential. Quantum
corrections induce the dimension 4 terms, suggesting they may be small and could partially be
absorbed by accepting a lattice asymmetry. How difficult these counter-terms are to control
awaits simulations.

Note that all other dimension 3 counter-terms are forbiddenby basic symmetries. For ex-
ample, chiral symmetry forbidsψψ and iψγ5ψ terms, and spatial cubic symmetry removes
ψγiψ, ψγiγ5ψ, andψσijψ terms. Finally, commutation withγ4 plus space inversion eliminates
ψγ4γ5ψ.

The fundamental fieldψ can create either of the two species. For a quantity that creates only
one of them, it is natural to combine fields on nearby sites in such a way as to cancel the other.
In other words, one can point split the fields to separate the poles which occur at distinct “bare
momenta.” For the free theory, one construction that accomplishes this is to consider

u(q) =
1

2

(

1 +
sin(q4 + α)

sin(α)

)

ψ(q + αe4)

d(q) =
1

2
Γ

(

1− sin(q4 − α)
sin(α)

)

ψ(q − αe4) (272)

whereΓ = iγ4γ5 for the Karsten/Wilczek formulation. Here we have insertedfactors containing
zeros cancelling the undesired pole. This construction is not unique, and specific details will
depend on the particular minimally-doubled action in use. The factor ofΓ inserted in thed quark
field accounts for the fact that the two species use differentgamma matrices. This is required
since the chiral symmetry is flavored, corresponding to an effective minus sign inγ5 for one of
the species.

It is now straightforward to proceed to position space and insert gauge field factors to keep
gauge transformation properties simple

ux =
1

2
eiαx4

(

ψx + i
Ux,x−e4ψx−e4 − Ux,x+e4ψx+e4

2 sin(α)

)

dx =
1

2
Γe−iαx4

(

ψx − i
Ux,x−e4ψx−e4 − Ux,x+e4ψx+e4

2 sin(α)

)

. (273)

The various additional phase factors serve to remove the oscillations associated with the bare
fields having their poles at non-zero momentum.

Given the basic fields for the individual quarks, one can go onto construct mesonic fields,
which then also involve point splitting. To keep the equations simpler, we now consider the case
α = π/2. For example, the neutral pion field becomes

π0(x) =
i
2 (uxγ5ux − dxγ5dx) =
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i
16

(

4ψxγ5ψx + ψx−e4γ5ψx−e4 + ψx+e4γ5ψx+e4

−ψx+e4UUγ5ψx−e4 − ψx−e4UUγ5ψx+e4
)

. (274)

Note that this involves combinations of fields at sites separated by either 0 or 2 lattice spacings.
In contrast, theη′ takes the form

η′(x) = i
2 (uxγ5ux + dxγ5dx) =

1
8

(

ψx−e4Uγ5ψx − ψxUγ5ψx−e4 − ψx+e4Uγ5ψx + ψxUγ5ψx+e4

)

(275)

where all terms connect even with odd parity sites. In a recent paper, Tiburzi [112] has discussed
how the anomaly, which gives theη′ a mass of orderΛqcd, can be understood in terms of the
necessary point splitting.

11.3 Domain wall and overlap fermions

The overlap fermion was originally developed [113] as a limit of a fermion formulation using
four dimensional surface modes on a five dimensional lattice. This effectively amounts to using
Shockley surface states as the basis for a theory maintaining chiral symmetry [98]. For a review
see Ref. [114]. The idea is to set up a theory in one extra dimension so that surface modes exist,
and our observed world is an interface with our quarks and leptons being these surface modes.
Particle hole symmetry naturally gives the basic Fermions zero mass. In the continuum limit the
extra dimension becomes unobservable due to states in the interior requiring a large energy to
create. In this picture, opposing surfaces carry states of opposite helicity, and the anomalies are
due to a tunnelling through the extra dimension.

Ref. [115] discussed the general conditions for surface modes to exist. Normalized solutions
are bound to any interface separating a region with supercritical from sub-critical hopping. Ka-
plan’s original paper [98] considered not a surface, but an interface withM = Mcr + mǫ(x),
whereMcr is the critical value for the mass parameter where the five dimensional fermions would
be massless. Shamir [116] presented a somewhat simpler picture where the hopping vanishes on
one side, which then drops out of the problem and we have a surface.

To couple gluon fields to this theory without adding unneededdegrees of freedom, the gauge
fields are taken to lie in the four physical space-time directions and be independent of the fifth
coordinate. In this approach, the extra dimension is perhaps best thought of as a flavor space
[117]. With a finite lattice this procedure gives equal couplings of the gauge field to the Fermion
modes on opposing walls in the extra dimension. Since the left and right handed modes are
separated by the extra dimension, they only couple through the gauge field. The result is an
effective light Dirac Fermion. In the case of the strong interactions, this provides an elegant
scheme for a natural chiral symmetry without the tuning inherent in the Wilson approach. The
breaking of chiral symmetry arises only through finiteness of the extra dimension.9

The name “overlap operator” comes from the overlap of eigenstates of the different five
dimensional transfer matrices on each side of the interface. Although originally derived from the

9The anomaly, however, shows that some communication between the surfaces survives even as the extra dimension
becomes infinite. This is possible since the same gauge fieldsare on each surface.
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infinite limit of the five dimensional formalism, one can formulate the overlap operator directly
in four dimensions. We begin with the Fermionic part of some generic action as a quadratic
form Sf = ψDψ. The usual “continuum” Dirac operatorD =

∑

γµDµ naively anti-commutes
with γ5, i.e. [γ5, D]+ = 0. Then the change of variablesψ → eiθγ5ψ andψ → ψeiθγ5 would
be a symmetry of the action. This, however, is inconsistent with the chiral anomalies. The
conventional continuum discussion presented earlier mapsthis phenomenon into the Fermionic
measure [66].

On the lattice we work with a finite number of degrees of freedom; thus, the above variable
change is automatically a symmetry of the measure. To parallel the continuum discussion, it is
necessary to modify the symmetry transformation on the action so that the measure is no longer
invariant. Remarkably, it is possible to construct a modified symmetry under which correspond-
ing actions are exactly invariant.

To be specific, one particular variation [69,118–121] modifies the change of variables to

ψ −→ eiθγ5ψ
ψ −→ ψeiθ(1−aD)γ5 (276)

wherea represents the lattice spacing. Note the asymmetric way in which the independent
Grassmann variablesψ andψ are treated. Requiring the action to be unchanged gives the re-
lation [68,122,123].

Dγ5 = −γ5D + aDγ5D = −γ̂5D (277)

with γ̂5 = (1 − aD)γ5. To proceed, we also assume the Hermeticity conditionγ5Dγ5 = D†.
We see that the naive anticommutation relation receives a correction of order the lattice spacing.
The above “Ginsparg-Wilson relation” along with the Hermeticity condition is equivalent to the
unitarity of the combinationV = 1− aD.

Neuberger [118, 119] and Chiu and Zenkin [120] presented an explicit operator with the
above properties. They first constructV via a unitarization of an undoubled chiral violating
Dirac operator, such as the Wilson operatorDw. This operator should also satisfy the above
Hermeticity conditionγ5Dwγ5 = D†

w. Specifically, they consider

V = −Dw(D
†
wDw)

−1/2. (278)

The combination(D†
wDw)

−1/2 is formally defined by finding a unitary operator to diagonalize
the Hermitian combinationD†

wDw, taking the square root of the eigenvalues, and then undoing
the unitary transformation.

Directly fromV we construct the overlap operator as

D = (1− V )/a. (279)

The Ginsparg-Wilson relation of Eq. (277) is most succinctly written as the unitarity ofV coupled
with its γ5 Hermeticity

γ5V γ5V = 1. (280)

The basic projection process is illustrated in Fig. 29.
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Fig. 29. The overlap operator is constructed by projecting the eigenvalues of the Wilson operator onto a
circle. Figure taken from Ref. [124].

The overlap operator has several nice properties. Being constructed from a unitary operator,
the normality ofD is guaranteed. But, most important, it exhibits a lattice version of an exact
chiral symmetry. [125] The fermionic actionψDψ is invariant under the transformation

ψ → eiθγ5ψ
ψ → ψeiθγ̂5 (281)

where

γ̂5 = V γ5. (282)

As with γ5, this quantity which appeared in Eq. (277) is Hermitean and its square is unity. Thus
its eigenvalues are all plus or minus unity. The trace definesan index

ν =
1

2
Trγ̂5 (283)

which plays exactly the role of the index in the continuum. Ifthe gauge fields are smooth, this
counts the topology of the gauge configuration. The factor of1/2 in Eq. (283) appears because
the exact zero modes of the overlap operator have partners onthe opposite side of the unitarity
circle that also contribute to the trace.

At this point the hopping parameter inDw is a parameter. To have the desired single light
Fermion per flavor of the theory, the hopping parameter should be appropriately adjusted to lie
above the critical value whereDw describes a massless flavor, but not so large that additional
doublers come into play [126]. There are actually two parameters to play with, the hopping
parameter ofDw, and the lattice spacing. When the latter is finite and gauge fields are present,
the location of the critical hopping parameter inDw is expected to shift from that of the free
Fermion theory. As we saw when discussing the Aoki phase, there is potentially a rather complex
phase structure in the plane of these two parameters, with various numbers of doublers becoming
massless as the hopping is varied. The Ginsparg-Wilson relation in and of itself does not in
general determine the number of physical massless Fermions.

Although the Wilson operator entering this construction islocal and quite sparse, the resulting
overlap action is not. Because of the inversion in Eq. (278),it involves direct couplings between
arbitrarily separated sites [127–129]. How rapidly these couplings fall with distance depends on
the gauge fields and is not fully understood. The five dimensional domain-wall theory is local
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in the most naive sense; all terms in the action only couple nearest neighbor sites. However,
were one to integrate out the heavy modes, the resulting low energy effective theory would also
involve couplings with arbitrary range. Despite these non-localities, encouraging studies [119,
130–133] show that it may indeed be practical to implement the required inversion in large scale
numerical simulations. The overlap operator should have memory advantages over the domain
wall approach since a large number of fields corresponding tothe extra dimension do not need to
be stored.

The overlap approach hides the infinite sea of heavy Fermion states in the extra dimension
of the domain wall approach. This tends to obscure the possible presence of singularities in the
required inversion of the Wilson kernel. Detailed analysis[134, 135] shows that this operator is
particularly well behaved order by order in perturbation theory. This has led to hopes that this
may eventually lead to a rigorous formulation of chiral models, such as the standard model.

Despite being the most elegant known way to have an exact remnant of chiral symmetry
on the lattice, the overlap operator raises several issues.These complications probably become
insignificant as the continuum limit is approached, but should be kept in mind given the high
computational cost of this approach. To begin with, the overlap is highly non-unique. It explicitly
depends on the kernel being projected onto the unitary circle. Even after choosing the Wilson
kernel, there is a dependence on the input mass parameter. One might want to define topology in
terms of the number of exact zero modes of the overlap operator. However the non-uniqueness
leaves open the question of whether the winding number of a gauge configuration might depend
on this choice. Later we will return to the question of possible ambiguities in defining topological
susceptibility in the continuum limit.

In this connection, it is possible to make a bad choice for themass parameter. In particu-
lar, if it is chosen below the continuum kappa critical valueof 1/8, no low modes will survive.
This us true despite the fact that the corresponding operator will still satisfy the Ginsparg-Wilson
condition. This explicitly shows that just satisfying the Ginsparg-Wilson condition is not a suffi-
cient condition for a chiral theory. Conversely, if one chooses the mass parameter too far in the
supercritical region, additional low modes will be produced from the doublers. As mentioned
earlier, the Ginsparg-Wilson condition does not immediately determine the number of flavors in
the theory.

Another issue concerns the one flavor case, discussed earlier. Because of the anomaly, this
theory is not supposed to show any chiral symmetry and has no Goldstone bosons. Nevertheless,
one can construct the overlap operator and it will satisfy the Ginsparg-Wilson condition. This
shows that the consequences of this condition are weaker than for the usual continuum chiral
symmetry. With a conventional chiral symmetry, the spectrum cannot show a gap. Either we
have the Goldstone bosons of spontaneous chiral breaking orwe have massless fermions [136].

Finally the overlap behaves peculiarly for fermions in higher representations than the funda-
mental. As we discussed earlier, the number of zero modes associated with a non-trivial topology
in the continuum theory depends on the fermion representation being considered. It has been
observed in numerical simulations that the appropriate multiplicity is not always seen for the
overlap operator constructed on rough gauge configurations[137].
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Fig. 30. When a fermion circumnavigates a loop in the naive formulation, it picks up a factor that always
involves an even power of any particular gamma matrix. Figure from Ref. [109].

11.4 Staggered fermions

Another fermion formulation that has an exact chiral symmetry is the so called “staggered” ap-
proach. To derive this it is convenient to begin with the “naive” discretization of the Dirac
equation from before. This considers fermions hopping between nearest neighbor lattice sites
while picking up a factor of±iγµ for a hop in direction±µ. Going to momentum space, the
discretization replaces powers of momentum with trigonometric functions, for example

γµpµ → γµsin(pµ). (284)

Here we work in lattice units and thus drop factors ofa. As discussed before, this formulation
reveals the famous “doubling” issue, arising because the fermion propagator has poles not only
for small momentum, but also whenever any component of the momentum is atπ. The theory
represents not one fermion, but sixteen. And the various doublers have differing chiral properties.
This arises from the simple observation that

d

dp
sin(p)|p=π = − d

dp
sin(p)|p=0. (285)

The consequence is that the helicity projectors(1 ± γ5)/2 for a travelling particle depend on
which doubler one is observing.

Now consider a fermion traversing a closed loop on the lattice. As illustrated in Fig. 30,
the corresponding gamma matrix factors will always involvean even number of any particular
γµ. Thus the resulting product is proportional to the identity. If a fermion starts off with a
particular spinor component, it will wind up in the same component after circumnavigating the
loop. This means that the fermion determinant exactly factorizes into four equivalent pieces.
The naive theory has an exactU(4) symmetry, as pointed out some time ago by Karsten and
Smit [138]. Indeed, for massless fermions this is actually aU(4)⊗ U(4) chiral symmetry. This
symmetry does not contradict any anomalies since it is not the full naiveU(16)⊗ U(16) of 16
species. The chiral symmetry generated byγ5 remains exact, but is allowed because it is actually
a flavored symmetry. As mentioned above, the helicity projectors for the various doubler species
use different signs forγ5.
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The basic idea of staggered fermions is to divide out thisU(4) symmetry [139–141] by
projecting out a single component of the fermion spinor on each site. Takingψ → Pψ, one
projector that accomplishes this is

P =
1

4

(

1 + iγ1γ2(−1)x1+x2 + iγ3γ4(−1)x3+x4 + γ5(−1)x1+x2+x3+x4

)

(286)

where thexi are the integer coordinates of the respective lattice sites. This immediately reduces
the doubling from a factor of sixteen to four. It is the various oscillating sign factors in this
formula that give staggered fermions their name.

At this stage the naiveU(1) axial symmetry remains. Indeed, the projector used above com-
mutes withγ5. This symmetry is allowed since four species, often called “tastes,” remain.
Among them the symmetry is a taste non-singlet; under a chiral rotation, two rotate one way
and two the other.

The next step taken by most of the groups using staggered fermions is the rooting trick. In
the hope of reducing the multiplicity down from four, the determinant is replaced with its fourth
root, |D| → |D|1/4. With several physical flavors this trick is applied separately to each. In
simple perturbation theory this is correct since each fermion loop gets multiplied by one quarter,
cancelling the extra factor from the four “tastes.”

At this point one should be extremely uneasy: the exact chiral symmetry is waving a huge red
flag. Symmetries of the determinant survive rooting, and thus the exactU(1) axial symmetry for
the massless theory remains. For the unrooted theory this was a flavored chiral symmetry. But,
having reduced the theory to one flavor, how can there be a flavored symmetry without multiple
flavors? We will now show why this rooting trick fails non-perturbatively when applied to the
staggered quark operator.

11.5 The rooting issue

In previous sections we have seen that the chiral symmetry withNf fermion flavors has a rather
complicated dependence onNf . With only one flavor there is no chiral symmetry at all, while
in general if the fermions are massless, there areN2

f − 1 Goldstone bosons. We have also seen
a qualitative difference in the mass dependence between an even and an odd number of species.
Physics does not behave smoothly in the number of flavors and this raises issues for fermion
formulations that inherently have multiple flavors, such asstaggered fermions.

Starting with four flavors, the basic question is whether onecan adjustNf down to one using
the formal expression

∣

∣

∣

∣

∣

∣

∣

D +m 0 0 0
0 D +m 0 0
0 0 D +m 0
0 0 0 D +m

∣

∣

∣

∣

∣

∣

∣

1
4

= |D +m|? (287)

This has been proposed and is widely used as a method for eliminating the extra species appearing
with staggered fermion simulations.

At this point it is important to emphasize that asking about the viability of Eq. (287) is a
vacuous question outside the context of a regulator. Field theory has divergences that need to be
controlled, and, as we have seen above, the appearance of anomalies requires care. In particular,
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the regulated theory must explicitly break all anomalous symmetries in a way that survives in the
continuum limit.

So we must apply Eq. (287) before removing the regulator. This is generally expected to be
okay as long as the regulator breaks any anomalous symmetries appropriately on each of the four
factors. For example, we expect rooting to be valid for four copies of the overlap operator. This
satisfies a modified chiral symmetryDγ5 = −γ̂5D where the gauge windingν appears in the
gauge dependent matrix̂γ throughTrγ̂5 = 2ν.

Section 9 showed that in the continuum withNf degenerate flavors there is aZNf
symmetry

in mass parameter space corresponding to takingm→ e2πiγ5/Nfm. Suppose we try to force the
Z4 symmetry in the regulated theory before we root. This is easily accomplished by considering
the determinant

∣

∣

∣

∣

∣

∣

∣

∣

D +me
iπγ5

4 0 0 0
0 D +me

−iπγ5
4 0 0

0 0 D +me
3iπγ5

4 0
0 0 0 D +me

−3iπγ5
4

∣

∣

∣

∣

∣

∣

∣

∣

. (288)

This maintains the above symmetry through a permutation of the four flavors. This modification
of the determinant still gives a valid formulation of the four flavor theory at vanishingΘ because
the imposed phases cancel. But expressed in this way, we start with four one-flavor theories
each with a different value ofΘ. Were we to root this form, we would be averaging over four
inequivalent theories. This is not expected to be correct, much as we would not expect rooting
two different masses to give a theory of the average mass;i.e.

(|D +m1||D +m2|)1/2 6= |D +
√
m1m2| . (289)

So we have presented both a correct and an incorrect way to root a four flavor theory down
to one. What is the situation with staggered fermions, the primary place where rooting has been
applied? The problem is that the kinetic term of the staggered action maintains one exact chiral
symmetry even at finite lattice spacing. Without rooting this is flavor non-singlet amongst the
“tastes.” As discussed earlier, there are two tastes of eachchirality. But, because of this exact
symmetry, which contains aZ4 subgroup, rooting to reduce the theory to one flavor is similar
to the second case above and is not expected to be valid. In particular, rooting does not remove
theZ4 discrete symmetry in the mass parameter, a symmetry which must not be present in the
one flavor theory. Thus, just as in the above example, the tastes are not equivalent and rooting
averages inequivalent theories.

The conclusion is that rooted staggered fermions are not QCD. So, what is expected to go
wrong? The unbrokenZ4 symmetry will give rise to extra minima in the effective potential as
a function ofσ andη′. In particular, for one flavor QCD one will get an effective potential with
minima along the lines of Fig. 13 instead of the desired structure of Fig. 15. Forcing the extra
minima would most likely drive theη′ mass down from its physical value. This shift should be
rather large, of orderΛQCD. This is testable, but being dominated by disconnected diagrams,
may be rather difficult to verify in practice. In addition, ifwe vary the quark masses, the extra
minima will result in phase transitions occurring wheneverany single quark mass passes through
zero. The previous discussion of the one flavor theory and thetwo flavor theory with non-
degenerate quarks both show that this is unphysical; no structure is expected when only a single
mass passes through zero.
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This problem is admittedly subtle. Formula (287) seems intuitively obvious and does work
if the individual factors take care of the possible anomalies, as with four copies of the overlap
operator.10 It is also correct perturbatively, since the rooting factorreduces any fermion loop by
the correct amount. However, the basic structure built up inearlier sections makes it indisputable
that the dependence of QCD on the parameter Theta is real. With the staggered action, the
distinct tastes are not equivalent due to their different behavior under chiral rotations. It is this
inequivalence that is at the heart of the failure of rooting for this particular action.

Despite these problems, several lattice collaborations continue to pursue staggered fermions
using the rooting trick [142–144]. The justification is partly because the simulations are slightly
faster than using Wilson fermions, and partly because the exact chiral symmetry simplifies op-
erator mixing. The success of a variety of calculations which are not strongly dependent on the
anomaly shows the approach, while technically incorrect, is often a good approximation. On the
other hand, if one’s goal is to test QCD as the theory of the strong interactions or to estimate QCD
corrections to standard model processes, then one must be extremely wary of any discrepancies
found using this method.

12 Other issues

12.1 Quantum fluctuations and topology

We have seen how zero modes of the Dirac operator are closely tied to the anomaly. And we
have seen that for smooth classical fields, configurations that give zero modes for the classical
Dirac operator do indeed exist. However, when getting into more detail with defining a lattice
Dirac operator, we found subtle issues about which operatorto use. And way back in Section 2
we saw that typical fields in path integrals are non-differentiable. This leads to the question of
uniqueness for the winding number of a given gauge configuration. Indeed, is something like the
topological susceptibility of the vacuum a true physical observable?

In [145] a definition of topological charge was constructed using the naive fermion operator
as a regulator for the trace ofγ5 as in the earlier derivation of the index theorem. This operator
does not generally give an integer value for a typical gauge configuration in simulations. How-
ever, it does reduce to such after a cooling procedure is usedto remove short distance fluctuations.
The results of such are shown in Fig. 31. On the other hand, thegauge field space in lattice gauge
theory is simply connected. Empirically with enough cooling, anySU(2) gauge configuration
appears to eventually decay to a state of zero action, gauge equivalent to the vacuum.

Since configurations appear to cool ultimately to trivial winding, using a cooling algorithm
to define topology requires an arbitrary selection for cooling time. Modifying the Wilson action
can prevent the winding decay. For example, forbidding the lattice action on any given plaquette
from becoming larger than a small enough number can prevent instanton decay [146]. Such
an “admissibility” condition, however, violates reflection positivity [80] and arbitrarily selects a
special instanton size where the action is minimum.

Cooling time is not the only issue here. While attaining an integer winding requires cooling,
note in Fig. 31 that the initial cooling stages seem quite chaotic. This raises the question of
whether the discrete stages reached after some cooling might depend rather sensitively on the

10 A few still hide behind this wall so frail,
So blind to chiral twists that made it fail.
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Fig. 31. The winding number as a function of cooling steps fora set of 5 lattices of size164 atβ = 2.3.
Note how it settles into approximately integer values with occasional jumps between different windings.
Figure from Ref. [145].

cooling algorithm. In Fig. 32 I show the evolution of a singlelattice with three different relaxation
algorithms. One algorithm consists of sweeping over the lattice using checkerboard ordering and
replacing each link with the group element that minimizes the action associated with the given
link. This is done by projecting the sum of staples that interact with the link onto the group. For
the second approach, an under-relaxed algorithm adds the old link to the sum of the neighborhood
staples before projecting onto the new group element. Finally, an over-relaxed approach subtracts
the old element from the staple sum. The resulting windings not only depend on cooling time,
but also on the specific algorithm chosen.

In an extensive analysis, Ref. [147] has compared a variety of filtering methods to expose
topological structures in gauge configurations. All schemes have some ambiguities, but when
the topological structures are clear, the various approaches when carefully tuned give similar
results. Nevertheless the question remains of whether there is a rigorous and unambiguous def-
inition of topology that applies to all typical configurations arising in a simulation. Luscher has
discussed using a differential flow with the Wilson gauge action to accomplish the cooling [148].
This corresponds to the limit of maximal under-relaxation.This approach still allows the above
topology collapse unless prevented by something like the admissibility condition or the selection
of an arbitrary flow time. In addition, if one wishes to determine the topological charge of a
configuration obtained in some large scale dynamical simulation, it is unclear why one should
take the particular choice of the Wilson gauge action for thecooling procedure.

The high sensitivity to the cooling algorithm on rough gaugeconfigurations suggests that
there may be an inherent ambiguity in defining the topological charge of typical gauge configu-
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Fig. 32. The topological charge evolution for three different cooling algorithms on a singleβ = 2.3 lattice
configuration forSU(2) on a164 lattice. Figure from Ref. [145].

rations and consequently a small ambiguity in the definitionof topological susceptibility. It also
raises the question of how smooth is a given definition of topological charge as the gauge fields
vary; how much correlation is there between nearby gauge configurations? Although such issues
are quite old [149], they continue to be of considerable interest [150–152].

As topological charge is suppressed by light dynamical quarks, this is connected to the ques-
tion discussed earlier of whether the concept of a single massless quark is well defined [26].
Dynamical quarks are expected to suppress topological structures, and the chiral limit with mul-
tiple massless quarks should give zero topological susceptibility with a chiral fermion operator,
such as the overlap. However, with only a single light quark,the lack of chiral symmetry indi-
cates that there is no physical singularity in the continuumtheory as this mass passes through
zero. Any scheme dependent ambiguity in defining the quark mass would then carry through to
the topological susceptibility.

One might argue that the overlap operator solves this problem by defining the winding num-
ber as the number of zero eigenvalues of this quantity. Indeed, it has been shown [152,153] that
this definition gives a finite result in the continuum limit. As one is using the fermion opera-
tor only as a probe of the gluon fields, this definition can be reformulated directly in terms of
the underlying Wilson operator [154]. While the result may have a finite continuum limit, the
earlier discussion showed that the overlap operator is not unique. In particular it depends on
the initial Dirac operator being projected onto the overlapcircle. For the conventional Wilson
kernel, there is a dependence on the parameter commonly referred to as the domain-wall height.
Whether there is an ambiguity in the index defined this way depends on the density of real eigen-
values of the kernel in the vicinity of the point from which the projection is taken. Numerical
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evidence [130] suggests that this density decreases with lattice spacing, but it is unclear if this
decrease is rapid enough to give a unique susceptibility in the continuum limit. The admissi-
bility condition also successfully eliminates this ambiguity; however, as mentioned earlier, this
condition is inconsistent with reflection positivity.

Whether topological susceptibility is well defined or not seems to have no particular phe-
nomenological consequences. Indeed, this is not a quantitydirectly measured in any scatter-
ing experiment. It is only defined in the context of a technical definition in a particular non-
perturbative simulation. Different valid schemes for regulating the theory might well come up
with different values; it is only physical quantities such as hadronic masses that must match be-
tween approaches. The famous Witten-Veneziano relation [155, 156] does connect topological
susceptibility of the pure gauge theory with the eta prime mass in the large number of colors
limit. This mass, of course, remains well defined in the physical case of three colors, but the
finiteNc corrections to topology can depend delicately on gauge fieldfluctuations, which are the
concern here.

12.2 The standard model

Throughout the above we have concentrated on the strong interactions. It is only for this sector of
the standard model that perturbation theory fails so spectacularly. But the weak and electromag-
netic interactions are crucial parts of the full standard model (gravitation is ignored here since it
has even more serious unsolved problems). And for these interactions it is also true that the per-
turbative expansion does not converge. Because the underlying couplings are so small, this does
not appear to be of any practical importance; however, conceptually it is quite desirable to have
a lattice formulation for these interactions as well. From apurist point of view, the continuum
limit of a lattice theory defines a continuum field theory. Thus without a lattice description of the
other interactions it is unclear whether we can say they are well founded field theories.

In this context we note that the general picture of the standard model has changed dramat-
ically over the years. Originally it was the successes of quantum electrodynamics that made it
the model relativistic field theory. Before QCD, the strong interactions were a mystery. But now
we see that because of asymptotic freedom, QCD on its own is likely to be a well defined and
self contained theory. It is the electroweak theory, where both the electric charge and the Higgs
couplings are not asymptotically free, for which we lack a non-perturbative formulation. Indeed,
a speculative topic such as the possibility of emergent gravity may be intimately tied to these
issues with the weaker forces.

For the electromagnetic interactions, a lattice formulation at first seems straightforward, in-
volving the introduction of an additionalU(1) gauge field for the photons. Unlike the strong
interaction case, however, for electrodynamics we do not have asymptotic freedom to tell us how
to take the continuum limit. And the physical couplingα ∼ 1/137 seems to be an unnaturally
small number. Perhaps electrodynamics on its own does not actually exist as a field theory, much
as believed for the scalarφ4 theory. But photons and electrons are essential componentsto the
world around us. One interesting possibility is that electromagnetism is actually only a part of a
higher level theory, perhaps in some unification with the strong interactions.

With the weak interactions we hit a more serious snag in that they are known to violate
parity. TheW bosons appear to interact only to left handed fermions. As such we need to couple
the fermions in a chiral manner, and it is not known how to do this in any non-perturbative
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scheme. The problem here is closely tied to the anomaly and the fact that not all currents can
be simultaneously conserved. Indeed, when applied to the weak interactions, the ’t Hooft vertex
gives rise to effective interactions that do not conserve baryon number. Any complete non-
perturbative formulation must allow for such processes [157]. Some attempts to include such
in a domain wall formulation have been presented [115, 158],but these generally involve heavy
additional states such as “mirror” fermions [159]. While potentially viable, such approaches so
far lack the theoretical elegance of the original Wilson lattice gauge theory. Indeed, it is the
problem of chiral gauge theories that encourages studies ofchiral symmetry from all possible
angles.

Perhaps a lattice formulation more intimately tied to unification ideas could help here. The
groupSO(10) looks quite interesting in this context [76]. Here a single generation of fermions
fits nicely into a single 16 dimensional representation of this group. And in this picture anoma-
lies are automatically cancelled. This would seem to indicate that there should be no obvious
requirement for doublers as an obstacle to a lattice construction. However, the usual Wilson ap-
proach seems to require a term that is not a singlet under thisgroup. This could be overcome
with some added Higgs-like scalar fields, but then we get closer to the above mentioned models
with the doublers playing the role of mirror fermions.

12.3 Where is the parity violation?

The standard model of elementary particle interactions is based on the product of three gauge
groups,SU(3)⊗SU(2)⊗U(1)em. Here theSU(3) represents the strong interactions of quarks
and gluons, theU(1)em corresponds to electromagnetism, and theSU(2) gives rise to the weak
interactions. We ignore here the technical details of electroweak mixing. The full model is, of
course, parity violating, as necessary to describe observed helicities in beta decay. This violation
is normally considered to lie in theSU(2) of the weak interactions, with both theSU(3) and
U(1)em being parity conserving. We will show here that this is actually a convention, adopted
primarily because the weak interactions are small comparedto the others. We show below that
reassigning degrees of freedom allows a reinterpretation where theSU(2) gauge interaction is
vector-like. Since the full model is parity violating, thisprocess shifts the parity violation into
the strong, electromagnetic, and Higgs interactions. The resulting theory pairs the left handed
electron with a right handed anti-quark to form a Dirac fermion. With a vector-like weak interac-
tion, the chiral issues which complicate lattice formulations now move to the other gauge groups.
Requiring gauge invariance for the re-expressed electromagnetism then clarifies the mechanism
behind one proposal for a lattice regularization of the standard model [160,161].

For simplicity we consider here only the first generation, which involves four left handed
doublets. These correspond to the neutrino/electron lepton pair plus three colors for the up/down
quarks

(
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Here the superscripts from the set{r, g, b} represent the internalSU(3) index of the strong
interactions, and the subscriptL indicates left-handed helicities.

If we ignore the strong and electromagnetic interactions, leaving only the weakSU(2), each
of these four doublets is equivalent and independent. We nowarbitrarily pick two of them and
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do a charge conjugation operation, thus switching to their antiparticles
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(291)

In four dimensions anti-fermions have the opposite helicity; so, we label these new doublets with
R representing right handedness.

With two left and two right handed doublets, we can combine them into two Dirac doublets
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Formally in terms of the underlying fields, the constructiontakes

ψ =
1

2
(1 − γ5)ψ(ν,e−) +

1

2
(1 + γ5)ψ(dg,ug)

χ =
1

2
(1− γ5)ψ(ur ,dr) +

1

2
(1 + γ5)ψ(db,ub)

. (293)

From the conventional point of view, these fields have ratherpeculiar quantum numbers. For
example, the left and right parts have different electric charges. Electromagnetism now violates
parity. The left and right parts also have different strong quantum numbers; the strong interac-
tions violate parity as well. Finally, the components have different masses; parity is violated in
the Higgs mechanism.

The different helicities of these fields also have variant baryon number. This is directly related
to the known baryon violating processes through weak “instantons” and axial anomalies [19].
When a topologically non-trivial weak field is present, the axial anomaly arises from a level flow
out of the Dirac sea [162]. This generates a spin flip in the fields, i.e. e−L → (ug)R. Because of
the peculiar particle identification, this process does notconserve charge, with∆Q = − 2

3 +1 =
1
3 . This would be a disaster for electromagnetism were it not for the fact that simultaneously

the other Dirac doublet also flipsdrL → (ub)R with a compensating∆Q = − 1
3 . This is

anomaly cancellation, with the total∆Q = 1
3 − 1

3 = 0. Only when both doublets are considered
together is theU(1) symmetry restored. In this anomalous process baryon numberis violated,
with L+Q→ Q+Q. This is the famous “ ‘t Hooft vertex” [19] discussed earlierin the context
of the strong interactions.

12.4 A lattice model

The above discussion on twisting the gauge groups has been inthe continuum. Now we turn to
the lattice and show how this picture leads to a possible lattice model for the strong interactions,
albeit with an unusual added coupling that make the treatment quite difficult to make rigorous
[160,161]. Whether this model is viable remains undecided,but it does incorporate many of the
required features.
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Fig. 33. Pairing the electron with the anti-green-up-quark. Figure taken from [161].

For this we use the domain wall approach for the fermions [98,116]. As discussed earlier, in
this picture, our four dimensional world is a “4-brane” embedded in 5-dimensions. The complete
lattice is a five dimensional box with open boundaries, and the parameters are chosen so the
physical quarks and leptons appear as surface zero modes. The elegance of this scheme lies in
the natural chirality of these modes as the size of the extra dimension grows. With a finite fifth
dimension one doubling remains, coming from interfaces appearing as surface/anti-surface pairs.
It is natural to couple a four dimensional gauge field equallyto both surfaces, giving rise to a
vector-like theory.

We now insert the above pairing into this five dimensional scheme. In particular, consider the
left handed electron as a zero mode on one wall and the right handed anti-green-up-quark as the
partner zero mode on the other wall, as sketched in Fig. 33. This provides a lattice regularization
for theSU(2) of the weak interactions.

However, since these two particles have different electriccharge,U(1)EM must be broken in
the interior of the extra dimension. We now proceed in analogy to the “waveguide” picture [163]
and restrict this charge violation to∆Q to one layer at some interior positionx5 = i. Using
Wilson fermions, the hopping term fromx5 = i to i+ 1

ψiPψi+1 (P = (γ5 + r)/2) (294)

is aQ = 1/3 operator. At this layer, electric charge is not conserved. This is unacceptable and
needs to be fixed.

To restore theU(1) symmetry one must transfer the charge fromψ to the compensating
doubletχ. For this we replace the sum of hoppings with a product on the offending layer

ψiPψi+1+χiPχi+1−→ψiPψi+1×χiPχi+1 (295)

This introduces an electrically neutral four-Fermi operator. Note that it is baryon violating,
involving a “lepto-quark/diquark” exchange, as sketched in Fig. 34. One might think of the
operator as representing a “filter” atx5 = i through which only charge compensating pairs of
fermions can pass.

In five dimensions there is no chiral symmetry. Even for the free theory, combinations like
ψiPψi+1 have non-vanishing vacuum expectation values. We use such as a “tadpole,” withχ
generating an effective hopping forψ andvice versa.

Actually the above four fermion operator is not quite sufficient for all chiral anomalies, which
can also involve right handed singlet fermions. To correct this we need explicitly include the
right handed sector, adding similar four fermion couplings(also electrically neutral). The main
difference is that this sector does not couple to the weak bosons.
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Fig. 34. Transferring charge between the doublets. Figure taken from [161].

Having fixed theU(1) of electromagnetism, we restore the strongSU(3) with an anti-
symmetrization of the quark color indices in the new operator, QrQgQb−→ ǫαβγQαQβQγ .
Note that similar left-right inter-sector couplings are needed to correctly obtain the effects of
topologically non-trivial strong gauge fields.

An alternative view of this picture folds the lattice about the interior of the fifth dimension,
placing all light modes on one wall and having the multi-fermion operator on the other. This is the
model of Ref. [160], with the additional inter-sector couplings correcting a technical error [164].

Unfortunately the scheme is still not completely rigorous.In particular, the non-trivial four-
fermion coupling represents a new defect and we need to show that this does not give rise to
unwanted extra zero modes. Note, however, that the five dimensional mass is the same on both
sides of defect; thus there are no topological reasons for such.

A second worry is that the four fermion coupling might inducean unwanted spontaneous
symmetry breaking of one of the gauge symmetries. We need to remain in a strongly coupled
paramagnetic phase without spontaneous symmetry breaking. Ref. [160] showed that strongly
coupled zero modes do preserve the desired symmetries, but the analysis ignored contributions
from heavy modes in the fifth dimension.

Assuming all works as desired, the model raises several other interesting questions. As for-
mulated, we needed a right handed neutrino to provide all quarks with partners. Is there some
variation that avoids this particle, which decouples from all gauge fields in the continuum limit?
Another question concerns possible numerical simulations; is the effective action positive? Fi-
nally, we have used the details of the usual standard model, leaving open the question of whether
this model is somehow special. Can we always find an appropriate multi-fermion coupling to
eliminate undesired modes in other chiral theories where anomalies are properly cancelled.

13 Final remarks

We have seen how many features of QCD are influenced by non-perturbative physics. This is
particularly important to various aspects of chiral symmetry breaking. Taken as a whole, these
fit together into a rather elegant and coherent picture. In particular, chiral symmetry is broken in
three rather different ways. We have concentrated on the interplay of these mechanisms.

The primary and most important effect is the dynamical symmetry breaking that leads to
the pions being light pseudo-Goldstone bosons. Their dynamics represents the most important
physics for QCD at low energies. The popular and useful chiral expansion is a natural expansion
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in the momenta and masses of these particles.
In addition to the basic dynamical breaking is the anomaly, which eliminates the flavor-singlet

axialU(1) symmetry of the classical theory. Thus theη′ meson is not a Goldstone boson and
acquires a mass of orderΛqcd. Understanding this breaking requires non-perturbative physics
associated with the zero modes of the Dirac operator.

Finally, we have the explicit symmetry breaking from the quark masses. This is respon-
sible for the pseudo-scalar mesons not being exactly massless. Using the freedom to redefine
fields using chiral rotations, the number of independent mass parameters isNf + 1 whereNf
is the number fermion species under consideration. This includes the possibility of CP violation
coming from the interplay of the mass term with the anomaly.

Throughout we have used only a few widely accepted assumptions, such as the existence of
QCD as a field theory and standard ideas about chiral symmetry. Thus it is perhaps somewhat
surprising that several of the conclusions remain controversial. The first of these is that chiral
symmetry is lost in a theory with only one light quark. The resulting additive non-perturbative
renormalization of the mass precludes using a massless up quark to solve the strong CP prob-
lem. Tied to this is the issue of whether topological susceptibility is well defined when non-
differentiable fields dominate the path integral. Finally,probably the most bitter controversies
revolve about the symmetries inherent in the staggered formulation and how these invalidate the
use of rooting to remove unwanted degeneracies.

As simple as the overall picture is, it requires understanding effects that go well beyond
perturbation theory. We need aspects of the Dirac spectrum that rely on gauge fields of non-
trivial topology. Such appear already in the classical theory, although their true importance only
appears in the context of the anomaly. Including this rich physics properly in a lattice formulation
is a rich and sometimes controversial topic of active research.
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